Superconvergence in the
Generalized Finite Element Method

Ivo Babuska * Uday Banerjee | John E. Osborn *

Abstract

In this paper, we address the problem of the existence of supercon-
vergence points of approximate solutions, obtained from the Generalized
Finite Element Method (GFEM), of a Neumann elliptic boundary value
problem. GFEM is a Galerkin method that uses non-polynomial shape
functions, and was developed in [4, 5, 24]. In particular, we show that the
superconvergence points for the gradient of the approximate are zeros of
certain systems of non-linear equations that do not depend on the solution
of the boundary value problem. For approximate solutions with second
derivatives, we have also characterized the superconvergence points of the
second derivatives of the approximate solution as the roots of certain sys-
tems of non-linear equations. We note that it is easy to construct smooth
generalized finite element approximation.
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1 Introduction

The superconvergence in the finite element method (FEM) is a phenomenon,
where the order of convergence of the finite element error, at certain special
points in an element, is higher than the order of convergence of the maximum of
the finite element error over that element. These special points are called natural
superconvergence points. To the best of our knowledge, this phenomenon was
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first addressed in [26], and the term superconvergence was first used in [17].
Superconvergence has been extensively studied (]2, 11, 18, 22, 27, 28, 33, 34, 36,
37] to name a few) and there are more than 1000 papers available on the subject.
An extensive bibliography (before 1998) on superconvergence is available in
[20], where as many references on 3-dimensional problems can be found in [19)].
Moreover, there have been several books written on superconvergence in the
context of the finite element method, e.g., [1, 6, 13, 14, 23, 35, 38].

Typically, superconvergence in the FEM has been studied for triangular
meshes, as well as for quadrilateral meshes with tensor-product elements, but
rarely for serendipity elements. Moreover, the mesh is required to have some
local regularity, e.g., elements are essentially translation invariant. Also, most
of these studies are confined within the interior of the underlying domain, and
only a few address the issue of superconvergence up to the boundary.

Later, a systematic approach was introduced in the analysis of superconver-
gence in [9, 10], in the context of the finite element method. This analysis allows
more general meshes, where the elements could be grouped into translation in-
variant “cells” (in contrast to elements being translation invariant). The cells
could contain arbitrary number of elements of different types. It was shown in
these studies that the existence of natural superconvergence points was equiv-
alent to the existence of roots of a system of polynomial equations. Moreover,
the superconvergence points are obtained from these roots, which (the roots)
are computed numerically. In special situations, the system of equations can be
written explicitly and roots can be computed analytically, as shown in [36, 37].
In the context of finite element approximations of solutions of the Poisson’s
equation and the Laplace equation, superconvergence was studied in [10] for
four different types of triangular meshes, as shown in Figure 1.1, as well as for
square mesh with tensor-product, intermediate, and serendipity elements.
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Figure 1.1: (a) Regular pattern; (b) Chevron pattern; (c) Union Jack
pattern; (d) Cris-cross pattern.

We state some of these results (from [9, 10]; see also page 354 of [6]) in
the context of approximation of the solution of the Poisson equation. It was
shown that for triangular meshes, there are no natural superconvergence points
for a mesh (a) with regular pattern when p > 2 and even; (b) with Chevron
pattern when p is even; (¢) with Union Jack pattern for any p. Also, for a
square mesh with serendipity elements, it was shown that (a) there are 4 natural
superconvergence points and a superconvergence line for p = 3; (b) there are
no natural superconvergence points when p > 4 and is even, where as, there



are 3 such points when p > 5 and is odd. The coordinates of all these points
can be found in [10]. These results illustrate the intrinsic complexity of the
superconvergence phenomenon, and they indicate that the approach is quite
general to analyze this complexity. In [8], the study of superconvergence was
extended to the mesh cells near the boundary of the domain. This approach
was also used in [7, 8] to study the effectiveness of various a-posteriori error
estimators.

In this paper, we will address the problem of superconvergence in the context
of Generalized Finite Element Method (GFEM). This method was introduced
in [4] and later developed and elaborated in [5, 24]. It is a Galerkin method
that uses a mesh only minimally, and allows the use of non-polynomial shape
functions. We will follow the approach of [10] in the analysis of superconvergence
presented in this paper. We will address the superconvergence in GFEM only
in the interior of the underlying domain.

The main results of this paper are Theorems 4.1 and 4.2 given in Section
4. Theorem 4.1 shows that the superconvergence points can be obtained by
finding the zeros of a system of equations that does not depend on the exact
solution of the boundary value problem. Theorem 4.2 addresses the supercon-
vergence points for the second derivatives of the generalized finite element error.
We mention that GFEM allows smooth approximation, in particular a C? ap-
proximation, which in turn allows us to address the superconvergence of second
derivatives of the error.

We briefly describe the organization of this paper. In Section 2, we describe
the GFEM and review the main approximation result. In Section 3, we discuss
the so called interior estimates, which is crucial for the superconvergence analy-
sis. In Section 4, we present the main results of this paper, namely, Theorems
4.1 and 4.2. We present an example in Section 5 that illuminates the results
obtained in Section 4.

2 Generalized Finite Element Methods

In this section, we briefly describe the GFEM in the context of the approxima-
tion of the solution of a linear Neumann boundary value problem.

Let Q C R? be a domain with piecewise smooth boundary 92. We consider
the Neumann problem

Au = f, on §,

(2.1)
@ =g, on 01},
on

where

/Qfdac—l—/{mgds:o. (2.2)

We now give the standard variational formulation of the above problem. Let

Oudv Oudv
B(u,v)f/Q {&caeray@y} dx dy



and

F(U):/qudz+/mgvds,

where we assume f € L?(Q2) and g € L*(9€). We will often use the notation

Ooudv  Oudv
BM(M)_/ [6$6$+8 3y} do dy, (2.3)

where M C Q. The weak formulation of (2.1) reads,
{ Find u € H'(Q) satisfying

(2.4)
B(u,v) = F(v) for all v € H*().

The above problem is uniquely solvable up to a constant; we assume

/udaszO,
Q

which ensures a unique solution of (2.4).

The GFEM to approximate the solution of (2.4) is a Galerkin method where
the construction of trial and test spaces depend on a (i) partition of unity (PU),
and (ii) local approximating spaces.

(i) For 0 < h < 1, a parameter, let {wh}N be convex sub-domains of {2
with N = N(h) such that dh = diam(w} hy<2hfor j =1,2,...,N. We assume

that for each value of h,
N(h)

(2.5)

<.
Il
-

and that any x € () belongs to at most x of the sets w] ,
of h. The sub-domains wjh are called patches. Clearly, {w N | is an open cover

of Q. Let {gb;”};v:l be a family of C? functions defined on Q satlsfymg

Where k is independent

Pi(w,y) =0,  for (z,y) € Q\w}, 1 <j < N(h), (26)

N(h)
Z ¢(a,y) =1,  for (z,y) €Q, (2.7)
max |q/) (z,y)| < Ch, for 1 <j < N(h), and (2.8)
(,y)€Q
max_|D¢"(z,y)| < 22 . forja|<2and 1<j<N(h) (2.9)
(z,y)€Q | [l

where « is a multi-index and constants C'i, Cy are independent of h. It is clear
from (2.7) that {gb?}j\':l form a partition of unity.

(i) To each patch w , we associate an mj-dimensional space th of functions,
defined on w , given by

{g't-gh Zb bl ER, ;;eﬂl(wy)mc*(w;)}, (2.10)



and we assume that th contains constant functions. The space th is called a
local approximating space. In the rest of this paper, we will suppress the h in

w?,d?,N(h), ;?,th, ;»L, and ;li, and refer to them as wj,d;, ¢;, N,V;,§;, and
&;i respectively for notational clarity and convenience, with the understanding
that they depend on h.

The trial and test spaces in GFEM is given by

N
SEFEM  _ )y Z ¢;&;; where & € V;

j=1
= span{n;; = ¢;{;;;1 <i<mjand 1 <j<N}. (2.11)

The functions {n;;} are the shape functions of SY¥#M_ Finally, the GFEM to
approximate the solution of (2.4) is given by

Find ugreym € SEFFM satisfying

Joucrem =0, (2.12)

B(ugrem,v) = F(v) for all v € SGFEM,

This problem has a unique solution and is equivalent to a system of linear
algebraic equations. Specifically, if we write

N mj
UGFEM = Z Z CjiMji,
j=1i=1
then (2.12) yields the linear system

N my
chﬁ/‘ nji =0
N ’ (2.13)
ZZB(mk»Wji)cji =F(mi),1 <k<m,1<I<N.
j=1i=1

We note that the shape functions {1;;} could be linearly dependent, and thus
the dimension of the null space of the matrix in (2.13) could be greater than
zero. In this case, the system (2.13) does not have a unique solution. However,

ucrEM is unique, i.e., if {cﬁ)} and {cﬁ)} are two solutions of (2.13), then

N my N m;
_ 1, . 2,
UGFEM = Cii Nji = Cji Ny
j=11i=1 j=1i=1

For examples of linearly dependent shape functions in GFEM, see [3]. In this
paper, we will use a particular SEFFM  which will have linearly independent
shape functions.



We now present two results on approximation properties of SE¥EM  which
in turn give an error estimate for ||u — ugrem| Hi (). Suppose u € H'(Q) can
be accurately approximated on w; by a function &' € Vj; specifically, suppose

2 2
lu— €412, ) < €0)
and
2 20
=&, < E0)-
Define

N
gu — Z¢J§]1L c SGFEM
j=1
Then we have the following two results ([5, 24]).

Theorem 2.1 Suppose u € H'(Q). Then
1/2
lu = "o < C1r/2 € ()

N
i=1

J

and
1/2

N . N
u €1\ .
u— e < @0 (3 Wy ey a6
j=1

=N

N

<

j=1

where Cy, Cy are as in (2.8), (2.9), respectively, and d; = diam(w;). O

Remark 2.1 We note that the above theorem is true even when the patches
W, are non-Convex.

Theorem 2.2 Suppose u € H' (). Suppose the patches w; satisfy the following
assumption:
For all 1 < j < N, there exists C3 > 0, independent of j, such that

V)| La(w;) < Cdj[v|m1(w;), for allv e H'(wj) satisfying / vdr =0, (2.14)

where dj = diam(wj).
Then, there exists £ € Vj such that

N
éu — Z(b]g]u c SGFEM
j=1

satisfies
1/2

N
lu = & a) < Cs | Y d3e3(4)

j=1



and
) N 1/2
lu — &) < Cs ng(j) ,

j=1

where Cs,Cg depend on Cq,Cs,C3.0

Remark 2.2 It is shown in [3] that (2.14) holds when the patches w; are convex.
The precise dependence of Cs,Cg on Cp,Cs,(C3, and the dependence of the
Poincaré constant Cs on the geometric data of w; is also given in [3]. In the rest
of the paper, we will not differentiate between various constants, and instead
will use a generic constant C.

Theorem 2.2 gives an error estimate for the GFEM. Suppose the hypothesis
(2.14) is satisfied and suppose u is the solution of (2.4). Then from Theorem
2.2 we have

N 1/2
lu—ugremlm@) < llu—E"lm@ <C | Y a()
j=1
It will be useful to state this estimate in the form
N 1/2
lu —ugremllr (@) < C Zgigg lu =&l | (2.15)
]:1 J J

To obtain the main result of this paper, we will impose additional restrictions
on the patches {w;}, the partition of unity {¢;}, and the local approximation
spaces V. We list them as three assumptions.

Assumption A In addition to (2.5), we assume that

W;ija 1§JSN7

where w7 is a ball of diameter d}, and there exists 0 < o < 1, independent of
the parameter h, such that

&t >od;, 1<j<N. (2.16)
Assumption B In addition to (2.6)—(2.9), we assume that
d)j(xay):]-v for (xay) Gw;-‘.

Since {¢;} is a partition of unity, it is clear that wi Nw; = (0 for j # ¢, and
¢i(z,y) =0 for (z,y) € w} when i # j.

Assumption C We consider V; = P*(w;), 1 < j < N, where P*(w;) is the
space of polynomials of degree k on w;. We assume that for 1 < p < oo,

(@) [Ellwgw,) < Cliéllwgws), forall§ € V; and 0 < s <k, (2.17)



where C' depends on k, but not on j or h;
() N€lwrwy < Cdy " léllws(wy, forall € € Vj and 0 < s <t < k. (2.18)

where C' depends on s and ¢, but is independent of j and h.
Furthermore, when @; N 9 # 0, we may allow w; to be a portion of a ball
b; ¢ €2 with center inside wj, such that wi = b; N (2 satisfies wj C w; and
e <
<B; < m < By <1, (2.19)
j
where the constants By, By are independent of j and h, and |w}|, [b;| are the
areas of the sets w7, b; respectively.
We note that (2.17) holds if the patches w; satisfy some reasonable assump-
tions. For example, let B; be the smallest ball containing w; with the same
center as wj. If

—
< diam(By) _ (2.20)
diam(wy)
then one can show that (2.17) is satisfied.
We will often denote SEFEM by
Sh = ghk, (2.21)

where k indicates degree of the polynomials used in the Vj’s. Let {@J;Z’i be a
basis of V; for j =1,2,...,N. Then

Njs = ¢85, 1<i<my, 1<j<N
are the shape functions of S". In the following proposition, we give an easy
proof that {n;;} is a linearly independent set.

Proposition 2.1 The set of shape functions {n;;,1 <i < m;,1 < j < N} is
linearly independent.

Proof: Suppose the set is linearly dependent and there are constants cj;,1 <
i <my,1 < j <N, not all zero such that
N my
Z Zcﬁ nji(z,y) =0, forall (z,y) € Q. (2.22)
j=11i=1
Without loss of generality, suppose the constant cj, ;, 7 0 for some 1 < 75 <
mj,1 < jo < N. From Assumption B, we have ¢;,(z,y) = 1 for (z,y) € wj,
and ¢;(z,y) = 0 for (x,y) € wj , j # jo. Therefore using (2.22), we get

N my Mjq
SN cimi(my) = D oo, y)EG (@, y)
j=1i=1 i=1

mjo

= cho’iﬁjo,i(m,y) =0, forall (z,y) €wj, .
i=1



But {&,:};¢ is a basis of Vj,, and thus we conclude from above that cj, ; = 0
for 1 < ¢ < mjo' In particular, we have cj, ;, = 0, which is a contradiction.
Hence {n;;,1 <i<m;,1 < j < N} is linearly independent. O

As mentioned before, the set of shape functions {n;;} for the GFEM may
be linearly dependent. In contrast, the set of shape functions for the GFEM
obtained using the patches w; and the partition of unity functions ¢; satisfying
assumptions A and B is linearly independent. Thus the linear system (2.13) has
a unique solution.

We now present a few examples of patches {w;} and partition of unity func-
tions, defined relative to these patches, satisfying assumptions A and B.

Ezxample 1: Let 0 € R be such that 0 < o < 1. Consider r € R such that

1
<r<z. 2.2
110-"%2 (2.23)

For r fixed, let s(z) be a smooth function on the interval [r,1 — r] satisfying

s(r)y=1, s(1—r)=0,
sO(r)=sD1—r)=0, fort=1,2,...,1

We now define a smooth function ¢(x) on [—1,1] by

1, x| < r
0, || >1—7r
s(x), r<z<l-r

l-s(x+1), -(1-r)<az<-r

Clearly, ¢(z) € C'(—1,1) and support of ¢(x) is [—(1 —7),(1 — r)]. We also
note that

px)+olx—1)=s(z)+1—s(x)=1, forr<a<1l-r (2.24)

Suppose © = (0,1) and we consider the nodes z; = ih, i = 0,1,2,..., N,
where Nh=1. Fori=1,2,..., N — 1, we define patches

wi = (x;—A—=r)h,z; +(1—r)h), (2.25)
w! = (x; —rh,z;+rh)

For i = 0, N, we define
wo = (07 (1 - T)h) ) wé = (O,Th)
wy=01-(1-=7r)h,1), wy =(1—=rh,1) (2.26)

Clearly, UN jw; = Q and w} C w; for i = 0,1,2,..., N. Also using (2.23), we
can easily show that

d; r
d—ifi>a fort=0,1,..., N,



where d; = diam(w;) and df = diam(w}). Thus the patches {w;} satisfy As-
sumption A.
Now for each i, 0 < i < N, define functions ¢;(x) on Q by

o (=52, z € [x; — h,x; + h]

¢i(x) = { 0. € O\[i — hay + ] (2.27)

Tt is easy to check that ¢;(z) = 0 for z € Q\w;, and ¢;(z) = 1 for x € w} (which

is Assumption B). Also from a standard scaling argument, it is immediate that

Cy
|diam (w;)|*”

6 ()] < 0<t<l,

where C; depends only on max,e_1,1) |6 (y)].
We now show that {¢;} form a partition of unity. Consider the interval
[€i, iv1] = [T, 2 + TRl U [z +rhyx; + (1 —r)h] U [z + (1 — )b, 2441].

For = € [z;,x; + rh], we have 0 < (z — x;)/h < r, and from the definition of ¢;

and ¢, i
S 65(2) = 4i(2) = ¢ (xjf) 1

Jj=0

Similarly, for x € [z; + (1 — 7)h, xi41],

N
> 65(x) = dipr (@) = 1.
=0

For z € [x;+rh,z;+ (1 —r)h], we have r < (z —x;)/h < 1—r, and from (2.24),

ZNO%‘(JU) = ¢i(z) + pir1(z)
= o) ey

N
Z¢j($) =1, forallz e .
3=0

Thus

We note that for a two dimensional domain 2 = (0,1) x (0, 1), it is possible
to construct patches of the form w; x w; and the partition of unity function of
the form ¢;(x)®;(y) that satisfy Assumptions A and B. We do not describe this
construction in detail here.

Exzample 2: Let  be a domain in R?. For 0 < h < 1, we consider the points
{x? = (x;’,y?) évzl such that x? € Q. We will suppress h in X;—L, and instead
will denote these points by x;. We assume that the points are distributed in a
way such that the following hold:

10



(a) For each j, there is a disc O} of radius r; = O(h) and centered at x; such
O;NO; =0 for i # j. Let w; be the disc centered at x; of radius 7} /2.
If wi ¢ €, we consider w;™ instead of w}, where wi* = w; N (2 satisfies
(2.18) with b; = w} and wi = w;*. We redefine w} as w;™.

(b) For each j, there is a convex open set (patch) w; with diam(w;) = d; =
O(h) such that O} C w; and there exists 0 < o < 1 such that

ri>od;, 1<j<N.
Moreover, {w; }évzl form an open cover of  satisfying (2.4). It is easy to
check that Assumption A is satisfied.

We will now construct partition of unity functions {¢;}, subordinate to the
covering {w; }, satisfying Assumption B. For each j, we first consider a smooth
non-negative function 0 < ¢;(z,y) <1 on Q such that

. [0, (z,y) € wj
(i) ¥j(@,y) = { 1 (2.y) € Q0" (2.28)
(i4) max_|D%p;| < C/h1*, for o] < 2. (2.29)

(z,y)eQ

The function v; could be a radial function based on a scaled and suitably defined
one-dimensional function in [0, c0). We then define the function

N
d(a,y) = [ iz v).
j=1

Clearly, 0 < ¢(z,y) < 1 and using (2.28), (2.29), we can show that

0, (z,y) €ew;, 1<j<N
Y(x,y) =19 1, (z,y) € Q\ULL, OF (2.30)
Vi(z,y), (z,y) €05, 1<j<N
max |D%)| < C/hl?l, for |a| <2 (2.31)
(z,y)EN

We next consider smooth non-negative functions f;(z,y) with compact sup-
port in the patch wj, satisfying max, y)ecw, |[Df;| < C/hlel for |a| < 2. The
functions f;(x,y) could be constructed as radial functions with circular support.
Also, the construction of functions f;(z,y) with polygonal support have been
discussed in [16, 15]. We further assume that there exists v > 0 such that

N
ij(x,y) >v>0, for(z,y)€Q, (2.32)

j=1
and define
¢i(x,y) = fi(@,y)v(x,y) + [1 —j(z,y)], 1<j<N.

We now state some relevant properties of ¢~>j (z,9).

11



(i)

(i)

(iii)

The supp ¢;(,y) C w;.

This is clear from the fact that suppf;(z,y) C w; and ¢;(z,y) = 1 for
(z,y) € Q\O; (see (2.28).

;(w,y) = & for (w,y) € W ).

For (z,y) € w}, we have from (2.28) and (2.30), that ¢;(z,y) = ¢ (x,y) =0
and thus ¢;(z,y) = 1. Similarly, we show that ¢;(z,y) = 0 for (z,y) € w},
i #j.

max(; y)ew, |D*¢,| < C/hlel for |a| < 2.

This is obtained using (2.29), (2.31), and the fact that max, y)cw, [Df;| <
C/hlel for |a| < 2.

There is 4 > 0 such that Zjvzl ¢;(x,y) > 7, for (z,y) € Q.

To obtain this result, we first note from (31) that for 1 < 7 < N and
for (z,y) € wf, we have ¢;(z,y) = 1 and ¢;(x,y) = 0 for j # i. Thus
Also for (z,y) € Q\UJL, OF, we have from (2.28) and (2.30) that ¢ (z, y) =
1, ¥j(z,y) =1 for all j, and thus from (2.32) we get Zjvzl bi(z,y) > 1.
Moreover, for (z,y) € Of\w;, 1 <1i < N, we have ¢;(z,y) = 1 for j # i
and consequently, using (2.32) and assuming v < 1, we get

N
> di(zy) = ilwy) +1 - Yi(a,y)
=1

%

1=|(y = Dltpi(z,y) > 1+7—-1=1.

If v > 1, it is easy to show that Z;\Ll ng(x,y) > 1 for (z,y) € OF\w},
1<:<N.

Thus the result is true with 4 = min(1, ).

Finally, we use the technique of Shepard ([21, 31]) to define

ij(l',y)

(bj(z:y) = Zil éi(x,y)'

Using the properties (i)-(iv) of ¢;(z,y), given above, it is easy to check that
{9, }jvzl is a partition of unity subordinate to the cover {w; };V:I satisfying (2.6)-
(2.9) and Assumption B.

The points {xj}j-vzl considered in this example have to be distributed such
that (a) and (b), mentioned above, are satisfied. For example, if the particles
x; are vertices of a quasi-uniform triangulation of €2, it is possible to construct
wy, OF, and w; satisfying (a) and (b).

12



3 Interior Estimate

Interior estimates play a crucial role in the study of superconvergence in a
Galerkin method. In a series of papers ([25, 29, 30]), Nitsche, Schatz, and
Wahlbin developed a machinery to establish interior estimates in the context of
finite element method. This theory, which is based on certain axioms on the
finite dimensional approximating subspace, can also be used in the context of
GFEM. In this section, we will show that the finite dimensional space used in
GFEM, i.e., S = SGFEM gatisfies the axioms given in [30].

We first state the interior estimate that we will use in the next section. Let
Qo CC Qp CC Q be domains, where D = dist(€2, 9Qp). We also assume that
all the patches w;’s in a neighborhood of Qp are quasi-uniform, i.e., 0 < g <
d;/h. We also assume that D > coh for ¢y large enough. Let u; € S*(Q2p) =
SGFEM () be such that

B(u —up,v) =0, for all ve §"(Qp). (3.1)

Here S"(Qp) denotes the restrictions of functions in $(Q) to Qp, and $"(Qp)
denotes the set of functions in S*(Qp) with compact support in the interior of
Qp. We now state Theorem 1.2 from [30], which will be used later in this paper.

Theorem 3.1 (Theorem 1.2 of [30]) There exists a constant C, depending
only on the constants in the Azioms A1-A5 (given below) over Qp, such that if
e =u — up, satisfies (3.1), then

lelwr o) + D7 Mlell Lo (20)
. —1
< C min (|u — X|W01C(QD) +D 7 u— XHLOO(QD))
x€Sh
+CD?[le] Lypy) D (3.2)

Theorem 1.2 of [30] is quite general. The theorem, stated above, can be obtained
by using s = 0, ¢ = 2, and the fact that Q C R? in Theorem 1.2 of [30] .

The above theorem holds provided the subspace S"((2) satisfies certain ax-
ioms. For G C €, let S"(G) be the restriction of S"(Q) to G, and let

SMG) ={x : x € S"(G), supp y cC G}.
Also, for A CC ), define
Y(A)={jeN: Anw; # 0}

;{: U Wy.

JE€Y(A)

and

It is clear that A C A.
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We now show that there exists positive constants Cy, Co, C3, Cy, kg, and
ho < 1 such that the space S" = SGFEM gatisfies the following axioms.

Aziom Al. Approximation. Let Go C G CC Q with dist(G, 9Q) > koh.
Then for each v € Wé(Gg), there exists xy € S"(G) such that for G; CC G»
with diSt(Gl,an) Z I{/’Qh,

lv = Xllwz(cn < Cib' " ollwiaa) (3.3)

for0<¢<I<k+1,1<g<o0,¢t=0,1,2.
Moreover, if supp v C Gy, then x € S*(Gy).

Remark 3.1 We note that in [30], the W/-"(G1) norm was used in (3.3) instead
of W!(Gy). Tt was natural to use W/"(G1) norm in [30], since the space S"
considered in [30] was a subset of WL N C?" i.e., the functions is S* were
piecewise C? and globally W1 functions. We note that functions y € S* =
SGFEM are C? functions, and thus ||X||qu,h(G1) = [Ixllwz(c,)- For a definition

of W)"(G1) norm, we refer to page 925 of [30].
Proposition 3.1 The subspace S" = SCFEM satisfies Aziom Al.
Proof: Let v be an extension of v to €2, such that ¥ = v in G5 and
[ollwi) < Clvllw:e,)- (3.4)

For existence of such an extension, we refer to [32].
Let ff be the averaged Taylor polynomial of © of degree [ — 1, averaged over

wj. Then fﬂw € Vj, and from Lemma 4.3.8 of [12], we know that
J

0= &l < Cd)" " olwiwy)- (3.5)
Define
N
X =Y ;&
j=1

Clearly, x € S"(Q2) and

N
o= Xlysoy < C D 1650 = €Dl
j=1

14



where C' depends on x and g. Therefore, using (2.9), (3.5), and (3.4), we get

N t
0= Xy < CDD 19l 10— &l

j=11i=0
N ¢ ‘ ‘
< CZZ(dj)7(11(dj)(l7t+l)q|6|Wé(wj)
j=11i=0
N
1— _
< Czdj( t)q|U|CII/Vl(wj)
i=1 !
<

CROofiy, ) < CROT Il 6,

Hence,
— -t
[0 = XlWi () <10 =Xl o) < on' )qHU”({Z/Vl;(GZy

from which we get
||lv — X||%V;(Gl) < Ch(l_t)q||“”(x]/v$(c;2)'

Now letting x = x|¢ € S"(G) we get the (3.3).
We now suppose that supp v C Gi. We consider kg large enough that

51 CC Go. Since supp v C Gy, we have £ = 0 for j ¢ v(G1), where v is

defined as the zero extension of v. Thus supp x C G, CC Go, and hence,
x € S"(Gs), which proves the desired result. 0

Azxiom A2. Inverse inequality. Let G; CC Go with dist(Gq,0G2) >
koh. Then for y € S"(Gy),

Ixllz (@) < Co2h™HIxllLa(cs)- (3.6)

Moreover,
HXHW;(Gl) < Cth7572(1/Q1*1/Q) ||XHW;1 (Ga)s (3.7)

for0<t<s<2,1<q <g<oo.
Remark 3.2 We note that (3.6) is a special case of a more general inverse

inequality assumption given in [30]. A careful reading of the proof of Theorem
1.2 in [30] shows that we need only (3.6) to get Theorem 3.1 in this paper.

Proposition 3.2 The subspace S" = SCFEM satisfies Aziom A2.

Proof: Suppose x € S"(G2). Then

Xlg, = Y. ik, where & € V.

i€v(G1)

15



Recalling that ¢; = 0 in Q\w;, we have

Xty < C Z |i&ilen o)
i€v(G1)

C > 16l

i€v(G1)

c . (|¢i|‘2/v;c<ui>

i€v(Gr)

IN

&illT, ) F 10il17 ) fiﬁm(wi)) ;

where C' depends only on . Therefore from (2.8), (2.9), and (2.18) with p = 2,
we have,

XEriey SChT2 Y0 Nl - (3.8)
i€v(G1)

We now consider the domain A such that G; cC A CC G- for kg sufficiently
large. Then from (2.17), we get

o 2 IX3,6, 2 D0 I

iG'y(Gl)
=Y elhen 20 Sl
iey(G1) i€v(G1)

and thus from (3.8), we have

IXllzr G0 < CR7H XN a4y < ChTH I La(Ga),

which is (3.6).

We now prove (3.7) for s = 2 and ¢t = 0. The other cases can be proved
similarly. Using the argument leading to (3.8), but employing (2.18) with p = ¢,
and the fact that

2\1/g—1
1&llz, @) < CHYITVME N L, ()

we get,
-2
Xlw2) < Ch7™ > lal, .,
i€v(G1)
—2q(p2\1—q/q |14
< onaE) S el
i€v(G1)
Therefore,

1/q

—2/721/q—1/ |9
‘X|W§(G1) S Ch (h ) q q1 Z Hé—ZHqu(wi) )
i€v(G1)
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and since q; < ¢, we have
1/q1

lwaan < Cho2n2Wava [ e ) (3
1€v(G1)

Again as before, but using (2.17) with p = g1, we can show that

] e
||X||qul(cz) >C Z 1€:] qul(wi)’
i€y(Gr)

and thus from (3.9) we get
IXlwz(cy) < ChT2 2=V 6, (3.10)
Similarly we can show that
Ny < CRTI72=D [yl for = 0,1,
and therefore using (3.10) we get

HXHqu(Gl) < Ch_z_z(l/Q1_1/q)|\X||qu (@)s
which is the desired result. [

Aziom A3. Superapproximation. Let Gi CC Gy CC G3 with dist(G1,0G2) >
koh, dist(Gg,aoGg) > koh and let p € C*°(G1). Then for each x € S*(G3), there
exists an 1 € S"(G3) such that for some ¢ > 0,

lox = 1l s G5y < Cshllpllwe @ lixllas @), $=0,1, (3.11)

and
17llLycs) < CliXlL, sy 1< g <00 (3.12)

Furthermore, let G_o CC G_1 CC Gy CC Gy with dist(G_2,0G_1) > koh,
diSt(G_haGo) > koh and diSt(Go,aGl) > k‘oh Then, if p = 1 on Go, we have
n=yxonG_; and

lox = nllm:(cs) < Cshllxllre(Gs\6_2)- (3.13)

We first prove the following lemma.

Lemma 3.1 Let p be a smooth function on w; and & € V;. Then there exists
& €V such that

10& = &illge () < Chllplwz wlléill s> s=0,1. (3.14)

17



Proof: We prove (3.14) for s = 1. The proof for s = 0 is similar.
Recalling that V; contains constants, we first decompose &; as

& =& + o,

where &;1,&2 € V; and &;1 is a constant that is orthogonal to &;5 in Hl(wi) inner
product, i.e., < &1,8i2 > g1 (w,)= 0. Clearly, fw_ &iodx = 0 and from (2.14), we
have

€2l Lo (wi) < Chl&ialm (w,)- (3.15)
We will now construct & = &1 + &2 € V; such that (3.14) holds with s = 1.
Let L € PY(w;) C V; such that

lp = Lilwe w,) < Chlplwz (w,) (3.16)
(L could be the linear Taylor polynomial of p centered at the center of wy ). We
choose &1 = §;1 L. Clearly, &1 € V;, and using (3.16), we have
lp&in = &llm@wy = (e = L)la e
Cllp = Lllwy @i llirll Lo w:)
Chlplwz @) 1€l 7 (w,)- (3.17)

We next write p(z) = p+p*(x), where p is a constant (we may take p = p(x;),
where x; is the center of w), and

1P*( Lo (i) < CRIVPI L (ws)- (3.18)

We now choose &2 = p€jp. Clearly, &2 € V; and using (3.15) and (3.18), we
have

INIA

1p&iz — C2ll . = " &2l i (i)
< C”p*HLoo(wi) €i2HH1(wi) + CHVp”LOO(wI) Ei2||L2(wi)
< ORIVl Lo i l€izll 1 w0)- (3.19)

Finally, using (3.17), (3.19), and the fact that < &1, & >p1(w,)= 0, we have

€1 — &irll r wi) + 1P€iz — Gizll o ws)
Chlplwz (wlléillg (@) + CRIVAl L (@)
Chllpllwz, will&ill B

p& — &ill 1 (ws)

512”H1(w7)

INIA A

which is the desired result. [

Proposition 3.3 The subspace S" = SCFEM sqtisfies Aziom AS3.

Proof: Suppose x € S"(G3). Since p € C(Gy), the function py has the
form

pPX = Z pdi&i, where §; € V.
i€v(G1)
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Let Pi(p€;) € V; be the H'-projection of p&; onto V; for i € 4(G1). Then by
Lemma 3.1, we have

Sl iy, @€ Y(Gr).

(3.20)
Also since P;(p€;) is the H! projection onto V;, and V; contains constants, we
have fwi [0& — Pi(p&:)] dx = 0, we have from (2.14),

1€ = Pi(pl)ll it (wi) < 10&i = E&ill i1 (i) < Chllpllwz, (ws)

& — Pi(p&i)ll o (wi) < Chlp&i — Pi(p&i)| i (w,)- (3.21)
We now define
Z o P pfz
i€y(G1)

Clearly, n € SM(G3) and n = 0 in Q\G;. We choose kg large enough such that
él CC Go. Thus ne S’h(G3) Now

lex =0l = llex =3 &,
S C Z H(bz pfz_ (pgl)HHl(Gl
i€v(Gr)
= C Z 16i(p&i — Pi(p€) 1 ()
ie'y(Gl)
< €Y (10113 oy ot = Piloa) s
i€v(G1)

HIVO 13 ol = Pilot3 )] (3:22)

Thus using (2.9), (3.21), and (3.20) in the above inequality and then using
(2.17), we get

lox = nlliey < C D 10& = Pilpi) 3w
i€v(G1)
< CR*|pllivz ) > &l o
1€v(G1)
< CR*|plivz ) Z ||§iH§I1(w;‘)' (3.23)
i€v(G1)

Since 61 C G, we get

Xy = Y. X1l sy = > €117 s

i€v(G1) i€v(G1)

and combining it with (3.23) we have

lpx = nllai(as) < Chlpllwz @nlIXll a1 (Gs)
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which is (3.11) for s = 1. The case for s = 0 can be proved similarly.
We now prove (3.12). We first note from (3.20) and (2.18) that

||Pi(p£i)||L2(Wi)

10l L2 (i) + Chllpllwz (w1l i (w)
||pHLoo(w1)H§7J||L2(W1) + CH£Z||L2(OJ¢)
C”&”Lz(w;)

ININCIA

Thus using (2.17) and the above, we get

7,y < C Y. ldi P(o€li e

i€y(G1)

< C D PP
i€v(Gh)

< 0 Y lali e
1€v(Gr)

< 0 Y llal, e (3.24)
i€v(G1)

Now,

HX”QLQ(G?,)Z Z HXHQLQ(wg)Z Z ||§i‘|%2(w;)7

i€v(G1) i€v(G1)

and therefore from (3.24), we have

H77||L2(G3) < C”XHLQ(GJ)
Finally, using the fact that S"(G3) is finite dimensional, we get
1Ly (@) < Cllixllz, sy, for 1 < g < oo

We now prove (3.13). We first assume that dist(G_1,0Go) > koh for a
suitable kg such that 6_1 C Gp. Since p = 1 on Gy, we have p = 1 on w;
for i € y(G_1). Also from the definition of H! projection, we have P;(p&;) =
P;(&) =¢&; for i € y(G_1). Therefore, for z € G_4,

Z @i () P;(p&i)( Z ¢l l X(z).

ZG’Y(Gl) lE’Y(Gl)

Thus n=x on G_;.
Now using the argument leading to (3.22) and using (3.21) and (2.9) we
have,

lox =1l <C D 108 — Pilpéi)l 3 w,)- (3.25)
1€v(G1)
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We note that v(G_1) C v(G1). Also recall that p = 1 and P;(p&;) = & on w;
for i € v(G_1). Thus from (3.25), (3.20), and (2.17), we get

lox =l < C Z |0€i — Pi(p€i) [T,
1€y(G)\Y(G-1)

< CR|pllivz (v Z 1€l ()
i€v(G1)\v(G-1)
< CRlpllve . l&lEnws.  (3:26)
i€v(G1)\(G-1)
Now,
X g6 _a) = > X1 ory = > €117 (ot
i€v(G1)\V(G-1) i€y(G1)\v(G-1)

and therefore from (3.26) we get

lox = nllar(es) < Chllpllwez @ XNz G@5\6-0)-
which is the desired result. [

We remark that the Axiom A3 as stated in this paper is slightly different
than the Axiom A3 given in [30]. We further remark that Axiom A3 in [30] has
been used only to prove Lemma 2.3 (Page 911) in that paper. We now prove
Lemma 2.3 of [30] using the Axiom A3 as stated in this paper. The proof is
similar to the proof of Proposition 2.2 in [29)].

Lemma 3.2 Let Dy CC Do cC Ds. There exists a constant C such that given
X € S"(Ds), there exists n € S™(D3) with n = x on Dy such that

X = 1l 71 (Ds\D2) < ClIXIz1(Ds\Dy)

and
17 2,(0s) < ClixllLy(ps)s  for 1 < g < oo.

) Proof: Let D1 CC Dy CC Doy CC Doy CC Doz CC Ds. Consider p €
C°°(Ds3) such that p =1 on Dyy. Then from (3.13) and (3.12), with D3 = G35,
Da3 = G2, D2e = Gi1, Do = Go, Dy = G_1, and D1 = G_, there exists
n € S"(D3) with n = x on Dy such that

lox =l (psy < Chllx| a1 (Ds\Dy) (3.27)

and
7l 2y(ps) < CliXlILy(ps)-

Since p =1 on Dy, we have

I = P)xllzr(ps) < Clixlz (ps\Dar) < Cllixlz (ps\D1)
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and thus using the triangle inequality and (3.27), we have

X =l a0y < (L= )Xl (Ds) + loX = 1l 2 (Ds) < ClIXIH1(Ds\ D)

Finally, since n = x on D, we have

lIx — n”Hl(Ds\Dz) =x- 77||H1(D3) < CHX||H1(D3\D1)
which is the desired result. [

Axiom Aj. Scaling. Let the sets G in Axiom Al, G5 in Axiom A2, G3
in Axiom A3 be the sphere Bp CC  of radius D > C4h with center zo. The
linear transformation y = (x — x¢)/D takes Bp into a sphere B and S"(Bp)
into a new function space S(B). Then S(B) satisfies Axioms Al, A2 and A3
with h replaced by h/D. Furthermore, the constants occurring in Axioms Al,
A2 and A3 remain unchanged, in particular, independent of D.

Using a standard scaling argument argument, one can show that Axiom A4
holds with respect to Axioms Al and A2. To show that Axiom A4 holds with
respect to Axiom A3, one has to go through the proof of Axiom A3 with S (Bp)
replaced by S(B). We skip this proof in this paper.

Azxziom A5. There exists a constant C5 such that the following holds:
(i) For any zp € Q such that the ball By of radius h centered at zq is
contained in €, there exists a function dy € C! with support in By satisfying

X(zo) = / X0, for all x € S",
Bo
and
||50HLQ < Csh~ N9, ||V50HLQ < Csh NOVD=1 for 1 < g < oco. (3.28)
(ii) Similarly, for j =1,2,..., N, there exists 517]' such that

Ix

ox ~ h
= — 015 for all S
oz, (z0) /Bo oz, 1,5, lorallxes™,

and (3.28) holds with 6 replaced by 4; ;.

We will show the existence SM. The existence of 50 can be shown similarly.
We let h = 1. Let ® be a smooth non-negative weight function with compact
support in By and suppose

ddr=1.
Bo
Consider the inner product

< v,w >E/ P vwdzx,
By
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and let 11,19, ...,1, be an orthonormal basis, with respect to this inner prod-
uct, for the finite dimensional space { 687)-(; :x € S"(By)}. Define

4
015 = D (@)t (@) ®().

j=1

Let x € S" such that 8—" = anzl CmW®m. Then

/ S b ydr = ij xo/ Zcmwm%@dx

BU Bo m=1
3
= Z% xg)C X ( 0)-

We get (3.28) by scaling.

Remark 3.3 We mention that another Axiom A0, related to a trace inequality,
was used in [30]. It was relevant there since the functions in S®, considered
n [30], were piecewise C? and globally W1 . In our case, the functions in
Sh = SGFEM are globally C2 and thus, a trace inequality like Axiom A0 in [30]
is not needed.

4 Superconvergence

In this section we will present the main result of this paper. i.e., the natural
superconvergence of the derivatives of the Generalized Finite Element solution
in the interior of the domain 2, away from the boundary of 2. The analysis
presented in this section will closely follow the analysis given in [10], [35] in the
context of finite element method. We will need several other assumptions that
will be stated in this section.

Without loss of generality, we assume that zg = (0,0) € Q and

Qo = {z = (z1,22) € Q: ||z]|oc = max(|z1], |z2]) <2H} CC Q, (4.1)
where H > 0 will be determined later. We also define the set
O ={zeQ: |z < H}. (4.2)
It is clear that the solution u;, = ugren of (2.12) satisfies
B(u—up,x) =0, forall x € S"(Q), (4.3)

where we recall that S () denotes the restrictions of the functions in S (£2)
with compact support in the interior of 2.
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We now describe several assumptions in SC1 — SC4 that will be used in
the analysis presented in this section.

SC1: We assume that the patches w;, such that w; N Qy # 0, are uniform
and translation invariant as defined below. Consider A > 0, where A is of the
same order as h (recall that diam(w;) < 2h), i.e., there exists a positive constant
C such that

h = Ch.

Let i = (i1,42), where i1,ip = 0,+1,42,---, be the integer lattice. Suppose
x; = th = (i1h,i2h) is the center of the circle w C w; for i € y(Qp), where

V() ={i €EZXZ:w; N Qg # 0}

We note that we are enumerating w; differently from the way we enumerated
them in (2.5). Clearly, x;+; = z; +x; for i, 5,1+ j € v(Qp). We further assume
that for all i € v(Qp),

wi = {z+4z:x€wl, (4.4)
w = {4z ewi}, (4.5)
di(x) = oz — 1), T € w, (4.6)
V, = {gi(x) 1 &i(x) = &o(x — x;), where & € Vo}. (4.7)

Clearly,
di(x — ;) = ¢pigj(zx), fori,j,i+j€~(Qo) (4.8)

and

Vigj = {&(x —x;) : & € Vi, fori,j,i+j€~(Q) (4.9)

SC2: We consider H in (4.1) and (4.2) of the form
H=h' (4.10)

where 0 < 3 < 1 will be determined later. We let

Mo = {a € Q: |l < h/2) (4.11)
and define
Mj={z€Q:z=u;+y, wherey € Mo} (4.12)
Clearly, i
My ={z€Q: |z —z;] < h/2} (4.13)
and we assume the h and H are such that
Q= {J M (4.14)
x;E€Q0

S§C3: For a given H, let H > 0 such that

QO = U w; C 60,

J€Y(Q0)
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where ~
Qo = {IEQ: 1| oo SFI} (4.15)
and H < CH where 1< C' is a fixed constant. We assume that the solution u

of (2.4) is smooth in €, i.e.,

el yire 5,y < © (4.16)

where k is the degree of the polynomials in V; = P*(w;).
SC4: We assume that the solutions w and wy, of (2.4) and (2.12) satisfy
Ch* < fu— unlwy () (4.17)
u—unlz. (0 < CRFTE, (4.18)
where 0 < e < 1.

We now define a function p”(x), which will play an important role in the
analysis presented in this section. Towards this end, we first define a linear
operator Il : WEF (w;) — V; = P¥(w;) for each i € v(Qo) satisfying

(i) IMpr())(x) = p(x), for x € w;, and for all p, € P*  (4.19)
(i3) For v € WA (w;),
o = 20Ol i < O ol o
forall0<I<k+land1<¢g< o (4.20)
(iii) For v € WEH (w;4;) and for all [,1+ j € (o)
Ilhﬂ»[v(-)](x +x;) = I'"o(- + 2;)|(x), for all x € w;. (4.21)

For I!'[v()](x), one could take the restriction of the Taylor polynomial of v(z),
centered at z;, to w;. We then define the operator I : W (Qg) — S"(Qq) by

MRON@) = Y i@IMROI), =€, (4.22)

i€v(Qo)

where @) € Wfo“(ﬁo). Clearly, for a polynomial py of degree k,

POl = 3 s p0O)e)
1€7(Qo)
= > d@m@) =), zeQ (423
i€v(Qo)

The operator I also satisfies the standard interpolation estimate given in
the following lemma.
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Lemma 4.1 Let v € WEH(Qy). Then

, Jor1<g<ooandt=0,1
(424)

o = P oo < O ol g,

Proof: We first note that for x € €,

v—T"v=v— Z o IMo(-)] = Z ¢i(U_Iih[U(')])-

i€v(Qo) 1€y(Qo)

Therefore, using (2.6), (2.9), and (4.20), we have

o =", < C D2 |¢i(“*1ﬂv(')])|§Vﬂw>

i€v(Q0)
< C Y ZI@ L ol? = IO 50,
i€y(Q0) 5=0
(k+1—
< 0 Y ATl
i€v(Q0)
< CREHDY |y

W+ (§0)]
where we used the fact that d; < 2h in the last step. Thus we get, for small h,

lo = I* ()] llwe 9o) < Chk“’tllv\\wﬁl(go),

which is the desired result. [
We finally define p"(z) as
p'(x) = Qx) — I"Q(M)(z), =z € Q, (4.25)
where Q(z) is a polynomial of degree k + 1.

Lemma 4.2 p"(x) is periodic in Qo, i.e.,
p"(x) = p"(x 4+ x;), forx € My and x + x; € Q.
Proof: We first note that
Qx) = Qx + ;) — pr(w; ), (4.26)

where py(x;x;) is a polynomial of degree k that depends on x;. Now from the
definition of p"(z) and using (4.26), (4.23), we have

pla) = Q) - I"Q()](x)
= Qz + ;) — pr(w; ) = I"Q()](w)
= Qz+u;) — I"[pr(25) + Q()](2)
= Qz+x;) - I"[Q( +z;)](). (4.27)
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We will now show that
Q-+ z)](z) = Q) (z + z;), for x € My and x + z; € Q.

Since x € My, we have  + x; € M, and using (4.21), we get

MO +a;) = > il +z)IMNQO) (= + )
i€y (M)
= Y i @IMNQO)(x + )
i€y (M;)
= Y a@RQO(x + ;)
levy(Mo)
= Y a@)Q+w)))(x)
levy(Mo)

Thus from (4.27) we get
p" () = Qx + ;) — I"Q()(x + ;) = p'(x + ;)
which is the desired result. [

The above result can also be stated as p”(z) € Qp), where

per(

Héer(ﬂo) ={ve HY(Q0)NC°(Q) : v(z) = v(z+ ;) for x € My, x +z; G(QO}).
4.28

Next, for a given v € H! (Qp), we will define its periodic projection

(
per
Pyerv € S"(Q0) N HY. . (Q), and present two results that will also be used

in our analysis. We first consider the subspace

Sger(MO) = {X S Sh(MO) : (7}3/2 xQ) = (5/27352)7

(:Ch h/2) (‘Tlv}_l/Q)v
for |z1| < h/2, |za] < h/2}. (4.29)

For v € H,.(Q0), we define Ppe;v € S (M) as the projection
BMO (PperUaX) = BMO (Uv X)7 for all X € Sper( ) (430)
/ (v = Pperv) dz = 0, (4.31)
My

where By, (u,v) = fM Vu-Vudx (see 2.3)). We then extend Ppe,v periodically
to o, again denoted by berl, s

Poorv(2) = Pperv(z — x5), forall x € Qo,x — x; € M. (4.32)

Thus Pperv € S™(Q0) N HY,, (Q0).

per
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Lemma 4.3 Let v € H!,.(Qo). Then

per

B(v — Pperv,x) =0, forall x € S ().

Proof: Since J\Z[j’s (i.e., interior of M;) are non-intersecting and
Qo = Uy, eq,M;, we note that

B(’U perv X Z BM perv X)

z;€Q0

Now using the periodicity of v — Pperv, we get

By, (v — Pperv, X) / V(v — Pperv) - Vx dz

(4.33)

(4.34)

= /M V(U(y+$j)_Pperv(y+xj)) VX(y+$J)dy

= /M V(v(y) - Pperv(y)) : VX(y + ‘Tj) dy

Thus from (4.34), we get

(4.35)

B(v — Pperv, X) = / V(v — Pperv) -Vxdy = By, (v — Pper?, X) (4.36)
Mo

where

Xw) = > xly+a).

zj €Qop

Since x € S"(€), we can show that ¥ € S
we get

per(

B(v — Pyerv,x) =0
which is the desired result. [

Lemma 4.4 Let v € H},.(Qo). Then

per

[v = PpervlL,(00) < Ch|v||lE1(00)-

0). Thus using (4.30) in (4.36),

(4.37)

Proof: We first note that since v — P,e,v is periodic, using (4.31) we have

/.

J

(v = Pperv) dx = / (v = Poerv) dy =0,
My

and using Poincare inequality, we get

[[v— PperUHLz(Mj) < Cﬁlv - PperU|H1(Mj) < hlv — PperU|H1(Mj)-
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Therefore,

v = PoertllTpiy = D lv— Prertl|7,(ar,)

ijQ()

Ch 3 v = Prertlinar
z;€Q0

Ch Z {103 (aryy + [PoervlFr (aryy }
aZjEQQ

= Ch{|“‘%{1(90) + |Pperv|§[1(go)}- (438)

IN

IN

Again using the periodicity of v and Ppeyv, and the fact that P, is the

crv|M0
projection of v’MD onto Sl (Mp), we have

| Poer®| i1 (00) < Clvla(00),
and thus from (4.38), we get the desired result. O

We now present our main theorem.

Theorem 4.1 Suppose the assumptions A1-A3 hold and the assumption SC1-
SCY4 are satisfied with 0 < § < 1—¢, where 3 and € are as in (4.10) and (4.18)
respectively. Also assume that 37y |D3u(z0)[? > 0, where s = (s1,82) is a
multi-index and xg = (0,0). Then, for h small enough, there exists a« > 0 such
that, fori=1,2,

0 7]

o (= w)(@) = 5 (0" = P} (@) + Rilw), forwe i, (439)

where
[Rill Lo 0) < CRMTE,

and Q(z) in the definition of p"(x) (see (4.25)) is the (k + 1) degree Taylor
polynomial of u centered at xg.

Remark 4.1 We note that we have assumed u to be smooth; in particular, u
satisfies (4.16) in assumption SC4.

Remark 4.2 If 2* € ; is a zero of 6%1 (p" — Pperp™), then from the above
result we get

0

oz, (u — up)(z*)| < Ch**e,

and thus x* is a natural superconvergence point of % (u — up).

Proof of Theorem 4.1: The proof will be given in four steps.
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1. Since Q is the (k + 1)** degree Taylor polynomial of u centered at zo =
(0,0), we have

IN

o= Qlween < lu=Qly, &,

< CHMY? 5 < CHM?27* for0<s<k+2, (4.40)

where SNIO is defined in (4.15). We now define the Neumann projection PRQ of
Q onto S"(Qp) by

Bq,(Q — P}Q,x) =0, forall x € 5"(Q) (4.41)
/ (Q — PLQ)dx = 0. (4.42)
Qo
We write
uw—up = (Q - PRQ) + [(u— Q) — (un — PNQ)],
and thus,
O (u—un)@) = -2 (@ - PhQ)(@) +ri(x), forze (4.43)
Bz, U — up)(x _8@- N T ri(x), forux 1, .
where
I7ill ) < (w0 — Q) = (un — PRQ) w1 (0u)- (4.44)

We will estimate the term on right hand side of this inequality.
2. Since 5"(Q) C $"(Qy), from (4.3) and (4.41) we have

B((u—Q) — (u, — PEQ),x) =0, forall x € S"(Q). (4.45)
Therefore using (4.44) together with the interior estimate (3.2) with D = H,
Qp = Qo, and Qg in (3.2) replaced by ©; in (4.2), we have

il < € min [10=@ = xXlwa@o + H - Q) ~ Xl
XESH(Q0)

+CH 2| (u = Q) — (un — PNQ) | Lo(520)- (4.46)
From the approximation axiom (3.3) and (4.40), we get

[(w— Q) = Xllwr () < Ch*lu— Q|| ) < Ch*H.

Woko+1(60

Similarly, we get
(= Q) = xllL(9) < Ch* 1 H.

Therefore, from (4.46) we have
Irill 200y < CR*H + CH™?||(u = Q) — (un — PNQ)|La(20): (4.47)

where we used the fact that h < H.
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Now using the assumption (4.18), we get
lu = unl o0y < CHlu—unllpo@p) < CHRFS (4.48)

Since €}y is convex, using a standard duality argument, a property of the pro-
jection PRQ, and (4.40), we get

1Q = PRQllLo00) < ChlQ — PRQla (a0
< Chk“\l@llmﬂ(go)
< Ch’““HHQ||W§O+1(50)
< 0h’“+1HHu||W§O+1(5O) < ChM=CH.  (4.49)

Therefore, from (4.47) and (4.48) we have

I7ill L@y < CRYH + CH?|[lu = up Ly(0o) + 1Q = PNQ|l Lo(20)
< Ch'H +CH 'hF+i (4.50)

3. We now consider the term 6%1- (Q — PiQ) in (4.43). Let

Y(z) = Ph(x) - Pperph(m)a

where p"(x) was defined in (4.25) (with @ as in this theorem) and Pye,p"(z) is
its periodic projection (see (4.30)—(4.31)). We write

Q- PNQ=9+Q—PyQ —.

Thus, for x € 4,

0 0
- PR = 2 4.51
o (Q= PhQ)(@) = 5 () +7() (451)
where
17l 1) < 1Q — PRQ — ¥lwr (0y)- (4.52)
To estimate the right hand side of the above inequality, we note that
Q_P]}\l/‘Q_w = Q_P]}\l/‘Q_ph‘FPperph

= Q_PJ}\L[Q_Q'FI}L[Q()] Pperph
= I"Q()] - PRQ + Poerp”,

and thus Q — PRQ — ¢ € Sh(Qp).
We recall that p" € H]..(Q). Therefore from (4.33) and (4.41), we get

B(Q—-PhQ—1,x) =0, forall x € S"().
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Hence from the interior estimate (3.2) with v = 0 (also D, Qp, and Q redefined
as before) and using (4.49) and (4.37), we get

Q= PyQ—dlwioy < CH?IQ=PRQ =¥l
< CH?|Q - PYQllLo00) + CH 2|[¥]| £a520)
< CH W=+ CH7?h||p" |mr ey (4.53)

Also from (4.24) and (4.40), we have

[ 00y = 1Q = "[RO lm (o)
k
S (O] F
< CWH|QI g, < CHUHIul s 5 ) < CHEH.

Thus from (4.52) and (4.53), we get
I17ill o0 < 1Q — PRQ — ¥lwi (o) < CHT'RM = CH™'RFHY (4.54)

4. Finally combining (4.43), (4.50), (4.51), and (4.54), and writing R;(z) =
ri(x) + 7;(x), we obtain

d 9
oz, (U un@) = 5

P(x) + Ri(x), for z € Qy,

where
IRill L) < I7ill e @) + ITill Lo n) < CRH + CH™'REHI=C 4 CH IR,

We now recall that H = h¥®, where h = Ch and 0 < 3 < 1 to be determined.
Therefore,

IRill L r) < CRFHP 4 CRFFIZ07€ < CRF (W7 4+ h107°)
We choose (3 such that 0 < 3 <1 — ¢, and define

o = mln(ﬁvl _ﬁ_ €)a
to get

[Rill Lo (1) < CREFE,
which is the desired result. O

Remark 4.3 In the proof of Theorem 4.1, we considered p”(z) = Q(x) —
I"[Q()](x), where Q(z) was the Taylor polynomial of degree k + 1 centered
at xg. In fact, it can be easily shown that (4.39) holds when Q(z) is the poly-
nomial Zf:ol (01051 =1(0,0)] 24 25" of degree k+ 1 (a linear combination of
monomials of degree (k + 1)).
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Remark 4.4 In Remark 4.2, we have seen that the zeros of (%i (p" = Pperp") are
the superconvergence points. Because of the periodicity of p" — Pyep”, we only
need the zeros zf of % (p" — Pperp™) in the cell My. All other superconvergence
points in €y can be found by a simple translation x} = x§ + z;, where z§ +; €
Q1. The points zf can be obtained by finding the zeros & of 6%1- (P = Pperp™)
in the “master cell” with h = 1, and then scaling back 2§ to My. Thus the
computation of =} does not depend on h or the solution u of (2.4).

Remark 4.5 It is immediate from (4.17) and (4.39) that

a (o7
H B [(u —up) = (p" = Pperph)] 1) <Pl —unlwy )
K]
and 9
| (1 = wn) (@) < A= wnlw o)

where zj is a superconvergence point.

We recall that we considered the partition of unity functions ¢;, used in
SGFEM t4 be C? functions, and thus u, € SEFEM is also a C? function.
We will now present a result on the superconvergence related to the second
derivatives of u — up. The analysis will be essentially same as the analysis in
Theorem 4.1, but we will require additional assumptions.

Let Q5 C 7 be a square centered at x( given by

Q={2€Q: |z < H/2}.
In addition to the assumptions in Theorem 4.1, we assume that & > 2 and
Ch* 1 < lu = unllwz () (4.55)

We now present a theorem, which is another important result of this section.
In the proof of this theorem, we will use certain technical results obtained in
the proof of Theorem 4.1.

Theorem 4.2 Suppose all the assumptions of Theorem 4.1 hold. Also suppose
that (4.55) is satisfied and k > 2. Let s = (s1,$2) be the multi-index with
|s| =2. Then, for h small enough, there exists o > 0 such that

D*(u —up)(x) = D*(p" — Ppeup") (@) + Rola), € s, (4.56)

where
IRl Lo (02) < O < CR||lu — unllwz (q)-

and Q(x) in the definition of p(x) (see (4.25)) is the (k + 1)1 degree Taylor
polynomial of u centered at xo = (0,0).
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Remark 4.6 We note that, as in Theorem 4.1, we have also assumed u to be
smooth in this theorem ; in particular, u satisfies (4.16) in assumption SC4.

Proof: With Q(x) and P&Q as in the proof of Theorem 4.1, we write
D*(u —up)(z) = D*(Q — PRQ)(z) + rs(z), for x € Qy, (4.57)
where
175l £ 22y < Nl = Q) = (un — PR Q) w2 (0)- (4.58)
Let vy, € S"(Qp) be arbitrary. Using the inverse inequality (3.7), we have

(= Q) — (un — PNQ)llwz ) < (u—@Q) —vnllwz (o)
+vn — (un — PJ}\L/Q)”WEQ(Qg)
< (u = Q) = vnllwz ()
+Ch™vp — (un — PI}\L/Q)HWolo(Ql)
< l(u = Q) = vnllwz ()
+ChH|(u = Q) — vnllw o)
+ChH[(u = Q) — (un — PRQ)lwr (0,)-

Therefore, using the approximation property (3.3) and (4.40) in the proof of
Theorem 4.1, we get

(e = Q) = (un — PRQ)lwz ) < CH" Mu=Qllyrrr o)
+Ch | (u = Q) = (un — PRQ)lwa ()
< CHW!
+ChH|(u = Q) = (un — PRQ)lwe (,)-
(4.59)
A careful examination of the arguments leading to (4.50) shows that
I(u = Q) = (un — PNQ)llwz o,y < Ch*H + CH™'RFH1 7,
and thus from (4.58) and (4.59), we get
75l o) < CHR* + CH™'RE<. (4.60)
Again, with 1 as in the proof of Theorem 4.1, we write
D*(Q — PRQ)(x) = D*¢ + 7, for z € o, (4.61)
where
176l L (02) < 1Q — PRQ — w2 (0)- (4.62)

We have seen in the proof of Theorem 4.1 (in the paragraph after (4.52)) that
Q — PiQ — 1 € S"(Qp). Therefore using the inverse inequality (3.7) we get,

1Q = PRQ — Yllwz () < CRTHQ = PRQ = ¥llw ) (4.63)
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We have also shown in (4.54) in the proof of Theorem 4.1 that
1Q = PRQ — Yllw (o) < CH'RM1 =4 CH™ 'R,
and thus from (4.62) and (4.63), we get
175l b0y < CH "HY €+ CH™'R". (4.64)

Finally, writing Rs(x) = rs(x) + 7s(z) and combining (4.57), (4.60), (4.61),
and (4.64), we get

D*(u — up)(x) = D*¢(x) + Rs(x), for x € Qo,

where

IN

17512 (922) + 175l Loe (20)
CHW—' 4+ CH 'hr—
= ChFY (WP + =P

[R5l o (922)

IA

Thus, choosing 0 < 8 < 1 — € and a = min(8,1 — 8 — ¢), and using (4.55), we
get
[RsllLoc(@a) < CRPH% < Ch¥|lu — unllw2 (),

which is the desired result. [

Remark 4.7 We note that following the arguments presented in the proof of
Theorem 4.2, it is possible to obtain a superconvergence result like (4.56) for
higher derivatives of u — uy, i.e., for D®*(u — uy) for |s| > 2. We do not give a
proof this result here to keep the exposition simpler.

5 Example

In this section, we will present a computational example to illuminate the results
given in Section 4.

We consider the one-dimensional version of the problem (2.1) with Q = (0, 1),
where the exact solution is u(z) = sin(nz/2). To approximate this solution by
GFEM, we choose nodes xz; = ih, i = 0,1,--- , N, where Nh = 1, and define
patches w; as in Example 1 in Section 2 (see (2.25), (2.24)). For partition of
unity functions to be used in the GFEM, we employ functions ¢;(x), as defined
in (2.27), with » = 0.3 and s(z) = ¢(z — r), where

4 4
y
1- 0<y<1-2r
(1%)1’ V=00

We use the space of linear polynomials for local approximating spaces, i.e., V; =
P(wj). We denote the GFEM approximation of u(z) by ugrem(x) = up(x).

q(y) =
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It is clear from (4.39) of Theorem 4.1 that, for h small, the superconvergence
points of v’ — u}, in [z, 2;41] CC Q are the roots of [p" — Pperp™] in [z, ;41].
We obtain these roots by first finding the roots y* of d%[ﬁfpperﬁ} on the master
“cell” 0 <y < 1. Here

1
p=vy"=> oiWhi(y),
=0

where ¢;(y) is the PU function with h = 1 and I;(y) is the Taylor polynomial of
y?, restricted to w; with h = 1. Also Pyerp is defined as Pperp € Sper, such that

1 1
/ [Poerp) V' dy = / p'v', for all v € Sper
0 0
1 1
/ Poerpdy = / pdy
0 0

Sper = Span{la ¢0(y)y + ¢1(y) (y - 1)}

Finally, the superconvergence points «* of v’ —u}, in [z}, z;45] is given by scaling
as

where

* *
zt=xz; +y"h.
15
n 1
051 T
0/
] .
Y, Y,
-0.51 T
af 1
s ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5.1: Graph of L[5 — Pyerp] on the master cell [0,1].

In Figure 5.1, we present the graph of d%[ﬁ — Perp] in [0, 1]. The roots of
this function are yi = 0.058309 and y; = 0.555216. Consequently, the super-
convergence points of u' — uj, in [z, x;41] are

x] = x; +0.058309 h, and x5 = x; + 0.555216 h. (5.1)

36



053 054 055 056 057 058 059 06

N L L
05 051 052

L .
Figures 5.2 (a) and (b): (a) Graph of v’ —uj}, on Q = (0,1) with h =0.1.
(b) Graph of v —uj}, on (zj,z;+1) = (0.5,0.6)

In Figure 5.2a, we present the graph of the error u' — uj on Q = (0,1),
where uy, is the GFEM approximation of w with A = 0.1. It is interesting to
note that v’ — uj, is zero at several points in the domain Q = (0,1). In Figure
5.2b, we present the graph of v’ — uj, on (z;,2;41) = (0.5,0.6), and also show
the superconvergence points ] = 0.5058309 and x5 = 0.5555216. It is clear
from Figure 5.2b that |(uv' — u})(z})| for ¢ = 1,2 is much smaller than the
max | (v’ — up)(z)], .5 <z < .6.

We next computed the GFEM approximation u; for A = 0.1,0.05,0.025,
and 0.0125. For each value of h, in Table 5.1 we display M = max(v’ — u},)(z),
z € [xj,2j41) = [0.5,0.5+ h], ¢ = |(v' — u}),)(z})| and e;/M for i = 1,2, where
xf are the superconvergence points in [0.5,0.5 4 h], given in (5.1).

[ h M e} el /M eh eh/M |
0.1 113 x 1077 [ 268 x 1073 [237x 1072 [ 1.89 x 1073 | 1.66 x 1072
005 [542x102]6.76x10"*]1.25x1072 ] 4.97x10"*]9.16 x 10~

0.025 [ 265x10°2 | 1.70x107% [ 641 x 1073 | 1.27x 10~* | 4.80 x 10~3
0.0125 | 1.31 x 1072 [ 430 x 107° | 3.29 x 1072 [ 3.15 x 1075 | 2.41 x 103
Table 5.1

It is clear from Table 5.1 that the ratios e} /M and e}, /M decrease as h decreases,
which illuminates the Remark 4.5. It also indicates that x7 and x5 are indeed
superconvergent points of v’ — uj, in [z;,2;41] = [0.5,0.5 4+ h].
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