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Abstract

In this paper, we explore the effect of numerical integration on the
meshless method used to approximate the solution of an elliptic partial dif-
ferential equation with non-constant coefficients with Neumann boundary
conditions. We considered meshless methods with shape functions that
reproduce polynomials of degree k > 1. We have obtained an estimate for
the energy norm of the error in the approximate solution from the mesh-
less method under the presence of numerical integration. This result was
established under the assumption that the numerical integration rule sat-
isfied a certain discrete Green’s formula, which is not problem dependent,
i.e., does not depend on the non-constant coefficients of the problem. We
have also derived numerical integration rules in two dimensions satisfying
the discrete Green’s formula.

Keywords: PDE with non-constant coefficients, Galerkin methods, mesh-
less methods, quadrature, numerical integration, error estimates

1 Introduction

Since last 20 years, a lot of progress has been made in the development of the
Meshless Method (MM), and it has been applied to solve complicated engineer-
ing problems (see e.g., [1, 2, 3, 8, 19, 22, 25]). The implementation of MM does
not require a mesh, but unlike standard the Finite Element Method (FEM), the
shape functions used in the MM are not piecewise polynomials. This feature of
the shape functions poses a serious challenge in the use of numerical integration
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to compute the elements of the stiffness matrix, the mass matrix, and the load
vector.

From the very beginning of the development of the MM, it has been rec-
ognized that numerical integration is a serious issue in MM and has been ad-
dressed in various engineering papers [9, 18, 20, 7, 13, 14, 5, 16, 17, 11, 12].
Several approaches to implement numerical integration have been proposed in
the literature; we refer to Section 3 of [6] for a brief review of these approaches.
A mathematical analysis of the effect of numerical integration was first reported
in [5], where is was shown that the approximate solution obtained from the MM,
using standard numerical integration, may not converge. It was also shown that
if the stiffness matrix (numerically computed with quadrature) satisfies a row
sum condition then the error in the approximate solution (in energy norm) is
O(h+mn), where h is the discretization parameter and the parameter n indicates
the accuracy of the underlying numerical integration. Thus with n = O(h), the
MM with numerical integration yields the optimal order of convergence. How-
ever, the analysis presented in [5] was restricted to the shape functions of the
MM that reproduced polynomials of degree & = 1 and could not be extended
for k> 1.

Another analysis of the effect of numerical integration on MM was presented
later in [6], where the quadrature is required to satisfy a discrete Green’s for-
mula. This analysis is valid for the MMs, where the shape functions reproduced
polynomials of degree k > 1. It was shown that the energy-norm of the error in
the approximate solution obtained from MM is O(h*~1(h+7)), and optimal or-
der of convergence is obtained with » = O(h). However in [6], the MM was used
to approximate the solution of a Neumann problem with constant coefficient
with no lower order term. We further note that a direct application of the ideas
in [6] to the situation, where MM is applied to a problem with non-constant
coeflicient, required the quadrature to be problem dependent, e.g., dependent
on the non-constant coefficients of the problem.

In this paper we extend the analysis in [6] to study the effect of numeri-
cal integration, when the MM is used to approximate the solution of a Neu-
mann problem with non-constant coefficients including the lower order term.
We require the quadrature to satisfy an extended version of the discrete Green’s
formula, which is not problem dependent. We show that the energy-norm of
the error in the approximate solution obtained from MM with quadrature is
O(h*~Y(h +n)). For a Neumann problem with no lower order term, we men-
tion that the condition on the quadrature required in this paper is same as the
condition required in [6] for £ = 1. However for k > 1, the situation is differ-
ent; a quadrature satisfying the condition proposed in this paper automatically
satisfies the condition required in [6], but not vice versa. In this paper, we have
also investigated the possibility of using different numerical integration rules to
compute the elements of the stiffness matrix, the mass matrix, and the load vec-
tor, which was not done in [6]. Moreover, we have derived numerical integration
rules, satisfying the extended discrete Greene’s formula, in two dimensions for
k=1 and k = 2 in this paper; numerical integration rules only for £ = 1 in one
dimension was presented in [6].



The outline of the paper is as follows: In Section 2, we presented the nota-
tions and the elliptic Neumann model problem with non-constant coefficients.
The MM and the various properties of the associated finite dimensional space is
given in Section 3. In Section 4, we defined the MM with numerical integration
and listed the assumptions imposed on the numerical integration rule. The ef-
fect of numerical integration on the energy norm of the error in the approximate
solution, obtained from the MM, has been investigated in Section 5. Our main
analytical result, Theorem 5.5, have also been presented in this section. In Sec-
tion 6, we derived numerical integration rules, in 2-dimensions, that satisfy the
main assumption given in Section 4. We presented some numerical examples in
Section 7 that shows the effect of the numerical integration on the energy norm
of the error in the approximate solution.

2 Preliminaries and model problem

Let N the set of all positive integers. For a domain D C R?, an integer m €
NU {0}, and p € NU oo, we denote the usual Sobolev space by WP (D) with
the norm || -[|ym.»(py and semi-norm |- |yym.»(py. We will only consider p = 2, 0o
in this paper. The Sobolev space WP (D) will be represented by H™(D) in
the case p = 2 and by L,(D) in the case m = 0. Likewise, for a hypersurface
0D in R?, we will use the space L,(9D) equipped with the norm || - Iz, oD
Let V be a normed linear space. We define V to be the product space

Ve, where ¥ = [v;]&, € V is a vector-valued function with its component
v, €V,i=1,2,---,d. When V= W™P(D) or L,(0D), the associated norm

of V is defined by ||3]|y = (Zle ||vl||€,)% in the case 1 < p < oo and |7y =
max{||vi]lyv : ¢ = 1,2,---,d} in the case p = oo; the semi-norm |v]y (for
V = W"™P(D)) is defined by using |v;|v instead of ||v;||v in the above definition.

A domain D is star-shaped with respect to a ball B C D if, for all x € D,
the closed convex hull of {z} N B is a subset of D. Let pmax = sup{p :
D is star-shaped with respect to a ball of radius p}, then the chunkiness pa-

rameter of D is defined by
diam(D)
YD = T

Let Q Cc R? be a bounded domain with Lipschitz continuous boundary I' =
0f). For the model problem, we consider the Neumann problem

Lu=-V-(AVu)+cu = [, in O
AVu-i = g, onT (2.1)
where A(z) = {a;;(z)}1<i j<da is a symmetric matrix, a;; € C*(Q), ¢ € C(Q),

f € L), g€ Ly(I') and 7 is the outward unit normal vector to I'. We assume
that there is a constant a > 0 such that

d d
Z wiaj(z)u; > Zu?, Vue R and c(z) >, Va2eQ. (2.2)

i,j=1 i=1



We note that for v € H2(Q), aVv is a vector-valued function, but for simplicity
of notation, we do not put a tilde over it.
The associated variational formulation of (2.1) is given by

Find v € H*(Q) such that
B(u,v) = L(v), YveHY(Q) (2.3)

where
B(u,v) = By(u,v) + Bo(u,v), L(U)E/fvd:z—l—/gvds
Q r

and
Bl(u,v)E/AVu-Vvd:v, Bo(u,v)z/cuvdx
Q Q

It is clear that the bilinear form B(-,-) is continuous and coercive on H!(Q) x
H'(), and it is well known [10] that the variational problem (2.3) has a unique
solution.

3 Meshless methods

The meshless method to approximate the solution of the variational problem
(2.3) is a Galerkin method, where the construction of the underlying finite
dimensional subspace either does not depend on a mesh, or uses a mesh only
minimally. To this end, we consider a one-parameter family of finite dimensional
spaces Vi, C H(Q), given by

Vi, = span{¢? € C(Q) : i € Ni}; Ny, is an index set.

The functions {¢?};cn, are referred to as shape functions and their construction
either does not depend on a mesh or depends only minimally. Each ¢! has
compact support and we let wlh denote the interior of supp (b? with h; = diam wzh.
We assume that each w! is star-shaped with respect to a ball o' C w!* and their
chunkiness parameters satisfy Yot < C,Y i € Np.

Often the shape function {#!};cn, are constructed relative to a set of par-
ticles Xp, = {zl' : i € N} € R? and each ¢l is associated with a particle z.
When @ N T = {), then the associated particle % € w!. But when @ N T # 0,
then the associated particle 2/ could be outside 2. We divide the index set N,
into two disjoint parts, Nj, and N}/, where,

N, ={i € Ny: Ow;NT #0} and Ny ={i € N}, : @; C Q}.

Now, we make several assumptions on the space V,.

Al: Fori € Np,let S;={j € Ny : bl ﬂw? # ()}. We assume that there is a
constant k, independent of i, j, and h, such that

card S; < k.



Remark 3.1 This property is referred to as the finite overlap property. If we
let S, ={j €Ny :z€ w;-‘}, then the finite overlap property implies

card Sy < K, Yz €. (3.1)

A2: There exist positive constants Cy and Cy, independent of h and i, such
that

1 < ‘ < Oy, Clhd < |wi| < Czhd, and Clhdil < |(Di ﬁl“| < Czhdil, (32)

=&

where |w;| is the “area” of w; in R? and |[@; N T'| is the “length” of @; N T in
R,
A3: The shape functions reproduce polynomials of degree k, i.e.,

Z p(xM)h () = p(x), Vp€ P*and z € Q. (3.3)
1ENp,
A4: There exists a positive constant C, independent of ¢ and h, such that

||Do‘¢f||Lw(Rd) < Ch;la‘ for |a| < ¢ for some ¢ > 1. (3.4)

In this paper, we will assume ¢ = k + 1.
Ab5: There exist positive constants C7, Co, independent of h and ¢, such that
for any i € Ny,

Cl||“||%2(wi) <hnf Z UJ2' < 02||U||%2(wi)7 (3.5)
JES:
C1lll17, pwinry < hETH D07 < Callvll3o0nrys (3.6)
jeS]
Crlvl oy S PT2D (0 —0:)* < CalolFy, () (3.7)
JES:

where v € V}, is of the form v =} v; o and S! = {j € N} : Ow; N (Ow; N

P)#@}CN}L.

i1ENp

Remark 3.2 The finite dimensional space V}, could be viewed as a generaliza-
tion of the standard piecewise linear finite element space based on quasi-uniform
mesh. In the finite element setting, the shape functions (b? are hat functions,
the particles :Cf are the finite element nodes, and the supports w? are the finite
element “stars”. The quasi-uniform finite elements satisfy the assumptions A1l
and A2, whereas the hat functions satisfy A3 and A4 with k¥ = 1. The in-
equalities (3.5), (3.6), and (3.7) are also true for piecewise linear finite elements.
But finite elements are piecewise polynomials and their construction requires a

mesh. .



Remark 3.3 Many approaches to construct shape functions for meshless meth-
ods are available primarily in the engineering literature; we refer to [8, 9, 16, 21,
24, 23] for details. In all these approaches, the shape functions are not piecewise
polynomials and are not available in terms of explicit mathematical formulas
that could be easily evaluated. This is the price one pays for avoiding a mesh.
For example, in the reproducing kernel particle (RKP) technique, one starts
with a weight function w(x) with compact support such that the origin is in the
interior of the support. The shape function ¢? is sought in the form

i (x) = wh(x) Z (x — M)l (x), (o is a multi-index)

la| <k

where wl(z) = w(*5#). For each z € Q, bl (z) are chosen so that (3.3) is
satisfied, which requires solving a linear system. For details, we refer the reader
to [21, 25]. We also note that the shape functions ¢ (), constructed using these
approaches, do not satisfy the Kronecker delta property, i.e., ¢f(:v§‘) # 0;5. We
further note that if the weight function w € C9(Q2), then the shape functions
@ € C4(2). Thus it is easy to construct smooth shape functions, in particular

with ¢ = k + 1, as assumed in assumption A4. .

Remark 3.4 The inequality (3.5) in assumption A5 implies the local linear
independence of the shape functions {¢; : j € S;}. The constants C; and Cs
appearing in A5 may depend on the geometry of w; and w; with j € S;, but
are independent of ¢ and h. We note that the assumption A5 is weaker than a

similar assumption used in [6]. .

Remark 3.5 Summing the terms of the inequality (3.5) over i € Ny, and using
the assumption A1 and A2, we can obtain

Cillof,i0) 0T D v < Colvlli ) Yo=Y vidi€Vi  (38)
i€N}, i€Ny,
Similarly, we obtain
CrllvllF iy S R D7 0P < Callollf iy, Yo=Y vig € Vi (3.9)
1EN], iEN],
In particular, substituting v = 1 in these two inequalities, we get
C1h=% < |Np| < Coh™4, Coh=4 < |NJ'| < Coh™1

Clh_(d_l) S |N}Il| S Cgh_(d_l) (310)

These estimates will be used later in the paper. .

In the rest of the paper, we will suppress the parameter h for notational
clarity and write ¢;, x;, w;, and o; for ¢f, x?, w?, and 0?, respectively, with the
understanding that they depend on h.



Based on the finite dimensional space V;, C H(Q), as described above, the
meshless method to approximate the solution of (2.3) is given by

Find uj € Vj, such that
B(uh, vh) = L(’Uh), Vo, €V (311)

The approximation of the exact solution u € H!(2) by the solution ), €
Vi, of (3.11) depends on the approximation property of the space V3, which
has been studied in [21, 25]. But in these studies, the set of particles, X},
has been assumed to be in 2, which may give rise to boundary layer in the
error as indicated in ([4]). This is precisely the reason some of the particles
have been allowed to be outside Q in this paper, as well as in [3, 5, 6]. But
the approximation result for Vj, remains the same as in [21, 25|, even when
some of the particles are allowed to outside 2; only the analysis requires slight
modification based on an extension result. For completeness, we present the
modified analysis in this paper.

For a function u € WkT1.2°(R%) N C(R?), we define its V},- “interpolant” on
Q by Znu, given by

Thu(x) = Z u(z;)pi(x), x € Q. (3.12)

1€ENp,

It is clear from the reproducing property (3.3) that Zpp(z) = p(z), for x € Q and
p € P*. Strictly speaking, Z;, is not an interpolation operator since Z,u(z;) #
u(z;) for x; € Xp,.

When u is defined only on 2, the interpolant Z;u is undefined as some of
the particles x; may be outside 2. To address this issue, we use the well-known
extension theorem (see [10, 26]), which provides us with an extension operator

E:Ly(Q) — Ly(RY),
u — u=FEu
such that
ﬁ(I) = U(I), for x € Q2 and ||EU||Wk+1,oo(]Rd) < OH’UJHWIC+1,00(Q) (313)

where constant C'is independent of u € La(€2). We now define the Vj,-interpolant
of u € Wk+L2(Q) N C(Q) by Trhu(z) = Zpu(x), forz € . We now present an
interpolation result for V}, which indicates the approximation property of Vj.

Theorem 3.1 Let u € W1 (Q) N C(Q) and Tnu be the Vi, -interpolant of .
Then there is a positive constant C, independent of h, such that

u = Thullwesy < CR T ullwrsiooy) VO< T < k+1 andp > 1. (3.14)

Proof. For i € Ny, let @; be the smallest ball containing the set Ujcgs,w;.
Consider Qf“Eu(m), the Taylor polynomial of degree k (i.e., of order k + 1) of



Eu averaged over the ball @; (see the definition 4.1.3 in [10] ). Then from the
Lemma 4.3.8 of [10] and assumption A1, we have

||Eu - Q§+1E’U4HWL,00(®1.) < Chk+l_l|E’U/|Wk+1,oo(wi) VO < l < k+1. (315)

The constant C' depends on x and the chunkiness parameter of w;, which is 1,
and thus C is independent of .

For z € w;, we note that ¢;(z) = 0 for j ¢ S;. Therefore, for z € w;, we
have

u(x) — Thu(z) = Eu(z) — Q¥ Fu(x) + Q¥ Eu(x)
=" [Bu(z)) - Q¥ Bu(x;)]¢;(x)
JES;

— > [QF Bu(x))] ¢ ()

JES:

Bu(z) = Q"' Bu(z) = ) [Bulx) — Qi Bu(x;)] ¢, (x),

JES:

where we used (3.3) with p(z) = Q¥ Fu(x). Therefore, from (3.15) and as-
sumptions A4, A1, A2 we get

= Thullwic @y < I1Bu— Q¥ Bullwice (s,
+ Z | Eu — Q¥ Eullwo.ce (o) |65 wi.oe (o0)

JES:
< OW N Bullyaenmon + 3 O Bull s o™
JES:
< CthrlilHEunwk%»l,oo(@i), (3.16)

where C' may depend on k. Thus we immediately get
lu = Thullwirwy < Cheh*™ 7Y Bullyrs e ,). (3.17)
Finally, using (3.16), (3.17), the assumption A1, and (3.10), we get

lu = Thulwre() < sup lu = Zhull oo oy < CHFH! Sup [ Bl ()
< N Bullyess ooy < ORI sy
and
1
lu=Tovlwioey < | 3 = Tnulfunq,)”
iEN),
< Cho Rl oo gy | Na |
< CRF i oo g,
which gives the desired result. a



Remark 3.6 We note that Theorem 3.1 holds for u € W*+1P(Q), 1 < p < o0,
provided k+1 > d/p (k+1 > d when p =1). Also for a given [, we only need

g =l in assumption A4 (instead of ¢ = k + 1). .

Now, with Lax-Milgram Theorem, Céa’ Theorem [10] and (3.14), the fol-
lowing approximation result for the meshless method with exact integration is
immediate:

Theorem 3.2 There is a unique solution up € Vi, of the variational problem
(8.11) satisfying
[ = unll () < OB [Jullwssrsq), (3.18)

where C is independent of h.

Another consequence of the interpolation error estimate (3.14) in Theorem
3.1is

”u”W’C*lvw(Q) + Hu - Ih'U/”W}c+1,oo(Q)
Cllul[wr+1.00 ()5 (3.19)

[Znullwrtro) <
<

which will be used later in this paper. This is the reason we required ¢ = k + 1
in assumption A4.

4 The meshless method with numerical integra-
tion

In this section, we will present the meshless method with numerical integration
(also referred to as quadrature). We will also state the assumptions imposed on
the underlying numerical integration rule and discuss them.

To motivate the quadrature in MM, we write the solution uj, of (3.11) as
un = e, ¢i%;- Then the coefficients {c;};en, can be determined uniquely
from the linear system

Z (’}/” + Uij)cj = li, Vie Nh,

JENR
where
Yij = Bi(¢j, ¢i) = / AV -Vo;dx = / AV, -V, da,
Q w;
7y = Bolos,00 = [ cosoidn = [ coy6.de
and

li:L(qﬁi)_/ﬁfgbida:+/rg¢ids_/w f¢idz+/6wmrg¢ids;



we recall that the shape function ¢; has compact support @;. We mention
that w; Nw; can also be used as the domain of integration in the definition of
vi; and oy;, since the shape function ¢; has compact @w;. Consequently, the
matrices {v;;} and {o;;} are symmetric. We have used w; (instead of w; Nw;)
in the definition of 7;; and o0;; to motivate the numerical integration scheme
in this paper. The integrals ~;;, 0ij, fwi fosdx and fawmr g; ds have to be
computed numerically using numerical integration formulas on w;, i € Np, and
on dw; NT, i € Nj. Let

V= B0 = { AVG, Vouds, o= Bi(6.00 = corond

Wi

and

!
= godor ] gois
wi Ow; NI

where f iy fw , and f denote the numerical integration rules, defined on w;, to
appr0x1mate the entries of the stiffness matrix, mass matrix, and the load vector
(only the volume integrals), respectively; fawmr is the numerical integration rule
to approximate the “boundary integral” in the elements of the load vector.
We note that for a given i € N, we use the same quadrature rule fj
to compute ~;; for each j € S; (recall the definition of S; in assumption Al
in Section 3); similarly, the same quadrature rule f: is used to compute o7;
for j € S;. But the quadrature rules fj and f could possibly be different,
, different quadrature rules could be ‘used to approxnnate the integrals in
the stiffness matrix and the mass matrix. The idea of using possibly different
quadrature rules to compute the stiffness and mass matrix was not considered
in [6].

Remark 4.1 It is easy the check that

> v =0, (4.1)

JENR

namely, matrix {;; }s jen, satisfies “zero row-sum” condition. The same is true
for the matrix {v};}i jen,. Suppose (v, v1,;)M, be the set of integration points

10



and corresponding weights of an M-point quadrature rule f: Then

Do o= D T AV -Véide

JEN, jen, @i
M
= Y Awi) V(i) - Voilyri) v
JEN, 1=1
M
= D AWV Y éi(wd)] - Véilyii) v
=1 JEN
M
= Y AWV Véi(yi) vii = 0. (4.2)
=1

We note that (4.2) was an assumption on the quadrature rule in [5], where ~;;
was defined by using quadrature on w; Nw;. This is one of the reasons that we
defined ~/; by numerically integrating over w; in this paper (also in [6]) so that

(4.2) is automatically satisfied. .

Let v, = EiENh v;¢; and wy, = EieNh w;¢; be arbitrary elements in V},.
Then

Bl(vh,wh): Z ’Ui"yji’LUj, Bo(vh,wh): Z ’UiO'ji’LUj,

i,jENR i,jEN
B(vp,wp) = Z vi (vji + 0ji)wj, and L(vy) = Z vl
i,jENK €Ny,

Therefore, we naturally define

B (vh,wp) = Z Vi Wjs Bg(vh, wp) = Z Uiff;iwj, (4.3)

iJENY, 4,5EN
B* (v, wp) = Z vi(vji + 0})w;,  and L*(vp) = Z vill. (4.4)
.5EN €Ny

From this definition, functional L*(-) is linear on V} and the forms Bi(:,-),
B}(,-), B*(-,-) are bilinear on Vj, x V3. Also from (4.2) and (4.1), it is clear
that

Bi(1,¢;) = 0= By(1,¢;), ¥ i € Np. (4.5)

But it is important to note that the matrix {};}: jen, may not be symmetric
(in contrast to {7i;}:jen, ), since

v = ][ ij-wid:c;é][ AV - Vo dr = j;.

i wj

Therefore, B (¢;,1), Vi € Nj may not be zero. Similarly, we can show that
the matrix {Ufj}i,je ~, Mmay not be symmetric, and consequently, the matrix
{73 + o3 }i.jen, may not be symmetric.

11



The meshless method with numerical quadrature to approximate the solution
of (2.3) is given by

Find uj € V}, such that
B*(UZ,U}L) = L*(Uh), Voo, €V, (4.6)

where B*(-,-) and L*(-) is defined in (4.4). We note that the bilinear form
B*(-,-) is not symmetric.

Next, we state certain assumptions on the quadrature used in the mesh-
less method. Some of these assumptions were given in [6]. We include these
assumptions also in this paper for completeness.

QA 4.1 There exist positive constants 77 and 7, small enough and independent
of ¢ and h, such that

t t
[ edo— 4 edal <nlaillllnon t=s.m. L (4.7)
and
| / dds — ][ dds| < 710w NT]|9| 1 (9uinr) (4.8)
Ow; NI Ow; NI
for a class of functions p € W™1*°(w;) and ¥ € W2 (Jdw; NT') satisfying
ID%0l| 1wy < Clhi) el Ly ] < ma (4.9)
and
ID0|| 1. sy < C(ha) T M[I]| 1 onrrys ] < mo (4.10)

where C' > 0 is independent of i € Ny and my, ms > 1 may depend on the
numerical integration rules and the assumption A4 in Section 2.

Remark 4.2 The constants n and 7 are associated with the numerical integra-
tion rules. It is possible to choose numerical integration rules (e.g., by taking
more integration points) such that n and 7 are small enough. We refer to Re-
mark 3.3 of [6] for specific examples. We mention that in all the numerically
approximated integrals in this paper, the integrands satisfy the conditions (4.9)

and (4.10). .

QA 4.2 For each i € N, let G} : 5(@) — R be a linear functional given by

s l
GZ‘(E):][ 5~V¢id:c+][ V-wid:c—][ U7 i ds (4.11)
w i Ow;NI’

where 71 is the outward normal to dw; NT. We assume that
G:(p)=0, Vpeprt? (4.12)

where P*~! is the space of polynomials of degree k — 1.

12



Remark 4.3 For each ¢ € Ny, we consider linear functional G : I;ﬁ(wz) — R
given by

Gi(ﬂ):/ 5-V¢idx+/ v-wida:_/ T gids (4.13)
wi w; Ow; NI

7

It is clear from the Green Theorem that
Gi(p) =0, VpeP*! (4.14)

Hence, the assumption (4.12) mimics (4.14) and could be viewed as a discrete
version of the Green Theorem on a particular class of functions P*~1. We will

show how to construct the quadrature rules satisfying (4.12) later. .

Remark 4.4 We note that the assumption QA 4.2, in particular (4.12), is a
generalized version of a similar assumption QA3 used in [6] in the case when
A = 1I. In fact, a numerical integration rule satisfying (4.12) also satisfies QA3
of [6], but not vice versa. Furthermore, we mention that for problems with non-
constant coefficients A(z), a direct use of the ideas presented in [6] will require
the underlying numerical integration rule to satisfy a modified version of the
assumption QA3 of [6] involving A(z). Numerical integration rules, satisfying
this modified assumption, will depend on A(x), i.e., will be problem dependent.
The assumption QA 4.2 in this paper does not require the quadrature rules to

depend on A(x). .

QA 4.3 For each i € Np,, we assume f;n = fi, i.e., the elements of the mass

matrix and the volume integrals in the elements the load vector are computed
using the same integration rule.

Remark 4.5 The integration rules {f  and ff} may be different; we do not
need any other assumption on the boundary integration formulas fawnr'

QA 4.4 There is a constant C' > 0 such that for n small enough,
| BT (wh, vn)| < Cllwnllgr o llvnll g1 @)y ¥ wh,vn € Vi, (4.15)

and
Bi (v, vn) > CllonllF1 ), ¥ v € Vi (4.16)

Remark 4.6 For A = I, the identity matrix, the inequalities (4.15) and (4.16)
were proved in Lemma 3.1 of [6] under the condition n < Ch with C' small
enough. The proof of (4.15) and (4.16) for the non-constant coefficient matrix
A(z), under the same conditions, could be proved following the same idea (of
Lemma 3.1 of [6]) and we do not present it here. In our computation, however,
we observed that the condition n < Ch is not necessary to obtain (4.15) and

(4.16); only a small i was needed. .
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Lemma 4.1 Suppose the quadrature satisfy the assumptions QA 4.1 and QA
4.4. Then for n, small enough, there are constants C1 and Csa, independent of
h, such that

|B*(wn,vn)| < Crllwall g @llonllzr @) and B (vn,vn) = CallonllF q)
for any wp, vy € V.
Proof. Let wy, = ZiENh w;¢; and vy, = ZiENh v;¢; be in Vj,. We first estimate

| Bo(wp,, vp,) — Bg (wp, vy)|. For any i € Ny, using (4.7), the assumption A1, and
(3.5), we have

| Bo(wn, ¢i) — By (wn, )| = | th¢id$—][ cwp, ¢; da|
< OZ|wj|‘/ cgbjgbid:r—][ cqﬁjqﬁid:c‘
JES;: wi Wi
1
< Onlwilled; $illLaiwn (Y lwil*)zve
JES:
< Cnh*h™E||wp| Lo VE- (4.17)

Therefore, squaring both sides of the above inequality and summing over all
1 € Ny, we get

| Bo(wn, vn) — B (wn,vp)| < ( Z [Bo(wh, ¢5) — Bg(wh,¢i)]2)§( Z %2)%

1ENp, 1ENp
d 1 _d
< b2 wall] )2 Ch 2 [[on]l Loy
i1ENp
< Onllwnllzy@llvell L), (4.18)

where the second and the last inequalities were obtained from (3.8) and the
assumption A1, respectively.
Finally, from the assumption (4.4) and (4.18), we get

‘B*(wh,vh)’ < ‘Bi‘(wh,vh)‘ + ’Bo(wh,vh)‘ + ‘Bo(wh,vh) — Ba‘(wh,vh)‘
< Cllwnllzr @) llvalla ) + C(+n)llwnl o) lvrll o @)
< CQA+n)|lwnllar@llvnlla @
and from (2.2)
|B*(vh,vh)} > Bi(vn,vn) + Bo(vn,vp) — |Bo(vh,vh) — Ba‘(vh,vh)|
> Cllvallin ) + allvnlli, @) — Cnllvnlli,
> min{C, a — Cn}|valfn q)-
We get the desired result by considering n < a/C. a

It is clear from Lemma 4.1 that the bilinear form B*(-,-) is bounded and
coercive, and therefore from the Lax-Milgram lemma we conclude that the prob-
lem (4.6) has a unique solution u} € Vj,.
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Remark 4.7 Tt is instructive to illustrate the assumption QA 4.2, i.e., (4.12) in
simpler situations. Let @ C R? and k = 1, then P*~! = P = span{[1,0], [0, 1]}
Considering p(z1,22) = [1,0] in (4.12), we get

* 0¢; .
G;([1,0]) = ][ afl dz —]([9 - nigids =0, i€ Ny, (4.19)

where 7 = [n1,n2]. Similarly, considering p(z1,z2) = [0, 1] in (4.12), we get

0 .
G7([0,1]) = a;i - ]é . nagids =0, i€ Ny (4.20)

Thus for k = 1, the quadrature must satisfy the two conditions (4.19) and (4.20)
for each ¢ € Nj. In particular, the quadrature must satisfy

Vide =0, VieNJ. (4.21)

Wi

We now illustrate (4.12) for k = 2. In this case, we know that
,ﬁk71 = ﬁl = span{[l, O]a [Oa 1]5 ['rla O]a [«IQ, O]a [Oa Il]a [Oa IQ]}

Considering p(z1,x2) = [x1,0] in (4.12), we get

s l
Gi([:vl,O]):][ 09 dx + ¢idx—][ z1m1 ¢ids =0, Vi€E N,
wiq Ow; NI

Oy wr
(4.22
Similarly, considering p(z1,22) = [x2,0], p(z1,22) = [0,21], and p(z1,x2) =
[0, 22] in (4.12), we get

Gi([,TQ,O]) = ][ afi dx —]é . To Ny ¢i ds =0, Vi€ Ny, (423)

s k) .
Gi([O,xl]) = ][ afz ]é . 1 No ¢i ds =0, Vi€ Ny, (424)

and

s 1
Gi([O,xZ]):][ a(bz da?—l—][ ¢id$—]([9 F$2n2¢id520, Vi € Ny,
Wi w; M

Wi

(4.25)
Thus, for &k = 2, the quadrature must satisfy (4.22)-(4.25) in addition to the
assumptions (4.19) and (4.20). .

Remark 4.8 Tt is clear from (4.19) and (4.20) that for k = 1, only the quadra-
ture rule to compute the elements of the stiffness matrix , i.e. f has to satisfy
the assumption QA 4.2; the quadrature rule to compute the elements of the
mass matrix and the volume integrals in the elements of the load vector, i.e., fwi
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(it is same as ff)), do not have to satisfy QA 4.2 and it could be any accurate
rule satisfying assumption QA 4.1. For k = 2, the conditions (4.22) and (4.25)
indicate that f’ and ful) must be related. Even in this situation, ful) (same as
f:l)) could be any accurate quadrature rule, but fj has to be satisfy (4.22)

and (4.25). We will obtain fi later in the paper with this feature. .

5 Effect of numerical integration

In this section, we will investigate the effect of numerical integration on the
meshless method; in particular, we will estimate the error ||u —uj || g1 (q), where
u is the solution of the problem (2.3) and wuj is the solution of the meshless
method (4.6) with numerical integration. We recall from Theorem 3.2 that
|lu—un g1 (@) = O(h*), where uy, is the solution of (3.11) — the meshless method
with exact integration. We will show in this section that ||u—u} | g1 () # O(h")
in general, and the error depends on the quadrature parameters n and 7, defined
in (4.7) and (4.8), respectively. We will assume in this section that the exact
solution u of (2.3) is smooth, i.e., u € C*¥T1(Q); this will enable us to focus only
on numerical integration and will allow us to present the main ideas effectively.

It is well-known that Strang’s Lemma ([27, 15]) is one of the main tools to
study the perturbation in the solution of a Galerkin method due to variational
crimes, e.g., numerical integration in a Galerkin method. We present a slight
variation of the Strang’s Lemma in the following result, which will provide us
with an abstract framework to study the error v — uj.

Lemma 5.1 Suppose the quadrature rules satisfy the conditions in the lemma
4.1, and u and uj, are the solutions of the variational problems (2.3) and (4.6),
respectively. Then there is a constant C' > 0, independent of h, such that, for
any wy, € Vi,
lu =gl < Cllu—wnlm
‘ [B(wh, ’Uh) — L(’Uh)] — [B* (wh, Uh) — L*(Uh)] ‘
+ sup .

VhEVR th”Hl(Q)

Proof. Let wp, € V, be arbitrary. Using the coercivity of the bilinear form
B*(-,-) (see Lemma 4.1), we have

Cllu, —wnlfp@) < B*(uj, — wp,uj — wy)
= B(u— wp,u} —wp)
+B(wp, uj, — wp) — B*(wp, uj, — wp)
—B(u,uj, —wp) + B*(uj, uy, —wp,)
= B(u— wp,uj, —wp)
+[B(wn, uj, — wn) — L(uj, — wy)]
[

—|B*(wp, uf, — wp) — L*(uj, — wh)}.
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Therefore, dividing the above inequality by |luy —wa|| g1 () and using the bound-
edness of B(,-), we get

lup, —wrllm < Cllu—wn|w @)
|[B(wn,vn) = L(wn)] = [B*(wn,vn) = L*(w)]|
+ sup

v €V, ”vhHHl(Q)

Now, using the triangle inequality, we immediately get
lu—upllare < (CH+Dlu—wnlmo
’ [B(wh, Uh) — L(Uh)} — [B*(wh, ’Uh) — L*(Uh)] ’
+ sup

VhEVR th”Hl(Q)

)

which is the desired result. O

Remark 5.1 It is clear from lemma 5.1 that we need to estimate the consis-
tency errors

‘ [B(wh,vh) — L(Uh)} — [B*(wh, ’Uh) — L*(’Uh)] ‘
sup

v EV th”Hl(Q)

(5.1)

to estimate the error ||u — uj||g1(q). We note that in the Strang’s Lemma as
presented in [15], this term is further divided into two terms

‘B(wh,vh) — B*(wh,vh)

‘L(Uh) - L*(Uh)‘
sup and sup
UREVi, [vnllm (@) oneVe  lonllm )
Keeping the terms together, as in (5.1), is crucial for our analysis of the effect

of numerical integration in the meshless method. .

We now present some notions and associated results that we will use later in
this section. We first define a norm and semi-norm of the matrix A; recall that
we assumed a;;(z) € C*(Q), V i,j=1,2,---,d. Suppose D C Q be a domain
and let

d
| Ao (py = max{z }aij}Wl’“’(D) 1 1<i<d}
j=1
and || Ally1.(py = max {|Alwm.(p) : 0 <m <1},
for any non-negative integer [ < k.

Lemma 5.2 For 0 <! <k, there exists a constant C > 0, depending only on 1
and d, such that

AVl (py < CllAwroo )y |V]l Wi (D) v 5 e Wh(D). (5.2)
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Proof. Let 0 < ¢ <l and suppose v = [v]] . Then using Leibnitz formula, we
have

[ADlweepy = g??d{‘zgaij”j’wm(m}
J_d 14
< Cfél?gxd{;mz—:o‘a”‘W“Ww)|“J“wm’°°<D>}
4
< CY [ohwnso Eﬁfd{z‘%‘w neo)}
m=0

¢
= C Z |5‘meoo(D)|A|W"”’"’°°(D)
m=0
< CllAlwesepyllUllwese(py < CllAllwoe oy llUllwo Dy
where the constant C only depends on [ and d. Therefore,
| AD]| 1. Dy < CllAllw.e oy [0l weoe Dy

which is the desired result. O

We now present the next result. For a smooth function v and i € Ny, let

Tikil’u(x) _ Z Da;}jfi) (z — ;)"

o] <k—1

be the (k — 1)** degree Taylor polynomial of v associated with the center #; of
the ball 0; C w; (recall in Section 2 that w; is star-shaped with respect to the
ball 0;). It is well known that ([10])

o T ol < S ol G=0L ok (53)
(k=)

For a smooth vector-valued function o = [v;]9_, we define

TH () = [T ol
Tk_1~( ) is also vector-valued function with its components being the (k —1)%"
degree Taylor polynormals of the corresponding components of v, centered at
. We will refer to 7" '%(x) as the Taylor polynomial of & assomated with ;.
We define B B
R; = AVTyu — TF Y (AVI,u), (5.4)

where Zpu is the Vj-interpolant of u, defined in (3.12) through (3.13). Clearly
R; is the “remainder” of the Taylor polynomial Tk 13(z) with ¥ = AVZju.
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Lemma 5.3 Let 0 < j < k. Then there exists a constant C > 0 such that
|Ri|wioe (i) < ChF T || Allwre.oo |0l wris.o0 (0 (5.5)

Proof. Let v € C*(w;). Then from the definition of norm of vector valued
functions and from (5.3), we immediately get

15— T 0w i) < C R0l wee ), 4 =0,1,....k

Now substituting v = AVZ,u in the above inequality, and using (5.2) and (3.19),

we get, for 7 =0,1,...,k,
Rilwiw ) < Ch*I|AVIyullwncs (o
< OB Allw e ) IVIhttllws oo w,)
< CHFI | Allwrse (o) | VInullwr o)
< ORI Allwrse oy lullwes o 0,
which is the desired result. O

The next lemma provides us with an estimate of the error in the numeri-
cal integration for a particular integrand, and it is an important ingredient in
the proof of the main result of the paper. This result is a generalization of
Lemma 4.2 in [6] in the context of variable coefficients A(x) = [ai;(2)]1<i,j<d;
we mention that the matrix A(z) = I was considered in [6].

Lemma 5.4 For any i € Np, let Gi(-) and Gi(-) be functionals defined by
(4.18), (4.11), respectively. Assume that the quadrature formulas satisfy the
assumptions (4.7), (4.8), and (4.12). Then there exists a positive constant C,
independent of h and i, such that, fori e N/,

|Gi(AVIyu) — GF (AVIju)| < Cnth_l||A||Wk,oo(sz)||U||Wk+1,w(sz)7
and, for i € Ny,
|Gi(AVIyu) — GI (AVILu)| < C(n + T)thrdfl||A||ka°°(sz)||U||Wk+1w°°(sz)~

Proof. For i € Ny, let Z; be the center of the ball o; C w;. We expand the
vector-valued function AVZ,u with respect to Z; using (5.4) as

AVTyu = TF Y (AVI,u) + R;.

We note that i-kfl(AVIhu) € P*=1. Therefore from the assumption on the
quadrature (4.12) and the fact (4.14), we have

G (TF Y (AVZ4u)) = 0 and G; (T} (AVZyu)) = 0.
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Hence, for i € N},
Gi(AVTyu) — G (AVTyu)| = |Gi(R) — G;(R))]

<| Ri-ngidz—][ R; - V¢; da|

+| vaid:c—][v-Ri@dﬂ
+| Ri~ﬁ¢ids—][ R; - ¢;ds|. (5.6)
Ow; NI Ow; NI

Also for ¢ € N/, recalling that ¢; = 0 on Ow;, we get
|Gi(AVZyu) — G (AVTu)| = |Gi(R) — G (Ry))|
<| INIZ--V@d:E—][ R; - V¢ da|

Wi Wi

!
+| [ V-Ri¢idz—f V-R;¢;dal. (5.7)

Now, from (5.6), the assumptions QA 4.1, A4, A2 and the remainder
estimate (5.5), we obtain for i € N;
|Gi(AVIyu) — G; (AVZyu)| = 77|§z : v¢i|Loo(wi)|wi| +1n|V - Ez ¢i|Lm(wi)|wi|
+7|Ri - 7 ¢i| 1, (9w;nr)|Ows N T
200R" | Al wkoo () [ullwrs 1,00 ()
AOTRE T Al ysoo (o) [l lwrs 100 )

< Cln+ T)hk_HdHAHka(Q) llullyyt1.00 ().

IN

which is the desired result for ¢ € Nj,. Also using (5.6) and similar arguments
as above, we get for i € N/

(G(AVT ) — G} (AVTu)| < O~ | Allyne g [l s, -

which completes the proof. O

Now, we present our main result, where we estimate the energy norm of the
error u — uj; recall that u} is the unique solution of the meshless method (4.6)
with numerical integration.

Theorem 5.5 Let u € C*1(Q), a;; € C*(Q), fori,j = 1,2,---,d and ¢ €
C(Q). Suppose the subspace V;, satisfies assumptions A1-A5 and the quadra-
ture schemes satisfy QA1-QA4. Then, for n small enough, there is a positive
constant C, independent of u, n, T, and h, such that

lu—upllm@y < CR"|lullwrrioeq) + [CU(HAHWMO(Q) + llell @ h®)

++ T)([Allwr @) + IICIIme)hz)h} W Hullwrsre ). (5.8)

20



Proof. First, we substitute wy, = Zpu in the result of Lemma 5.1 and get

lu—=upllai < Cllu—Thullgo)

[B(Znu, vn) — L(v)] — [B* (Znw, vn) — L*(vh)]‘

+ sup
onEV vn |l 1 ()

(5.9)

We will now estimate the second part of the RHS of (5.9) to prove (5.8). For
any vy = ZieNh v;¢; € Vi, we have

[B(Ihu,vh) — L(’Uh)] — [B* (Ihu,vh) — L*(’l}h)}
= > vi([B(Znu, ¢:) — L(¢i)] — [B*(Znu, ¢i) — L*(¢:)]).  (5.10)

i1ENp

For simplicity, in the rest of the proof we denote
B, = | [BZiu,6) = L(#)] — [B*(Zuw 60) = L (1)) |
Therefore, from (5.10), (3.9), (3.8), and (3.10), we get
’ [B(Znhu, vi) — L(vy)] — [B*(Znu,vn) — L*(vp)] ‘
< sup FE; Z lvi| + SUP, E; Z |vi

iEN], iENY!

1EN], S
1 1 1 1
< C sup Ei( Z [vil*) * N3 % + C sup B Z |vil?) [N} |2
'L’G]\f’/1 iGN;L iGN;L/ iGN,/L/

< C sup Eih_(d_l)thHLz(p) + C sup Eih_dHUh||L2(Q)
iEN! iENY

< C sup E;h™ Vvl i) + C sup Eih™ vy (5.11)
iEN, iEN}!

where the last inequality was obtained using the Trace theorem (see [10]). We
will now estimate the terms F;, V ¢ € Nj,. For any ¢ € Ny, we have from the
problem (2.1)

/Wif@dw:—/w

=— V- (AVIhu)qSi dx — V- [AV(u — Ihu)]qﬁi dx + / cug; dx

Wi Wi Wi

V- (AVu)¢; dx + / cug; dx

Wi

and

/ gpids = / AVu - fig; ds
Ow; NI Ow;NI’

Ow;NI’

Ow;NI’
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Now setting ey = u — Zpu and recalling the definition (4.13) of the functional
G;, we get

B(Thu, ) — L(és) = B(Twurdi)— | féide— /8 o ds
Wi w; N

w; wi Ow; NI’

i

+ [ V- [AV(u—Thu)|¢;dx — / AV (u — Tpu) - iig; ds
Ow; NI’

Wi

o

= Gl(AVI}LU) + V- (AV61)¢1' dx — / AVeI . ﬁ(bz ds

Ow;NI’

thu@dx—/ cug; dx

Wi

—/ cerd; du. (5.12)

Similarly, again from the problem (2.1) and the quadratures developed in Section
4, we have
1

! l
foide = —][ V-(AVu)@d:C—i—][ cug; dz

wiq 7 wiq

! ! !
= — V- (AVIhu)@ dx — V- [AV(u — Ihu)]@- dr + ][ cug; dx

Wi Wi Wi

and

][ go;ds = ][ AVu - Tip; ds
Ow; NI Ow; NI’

= ][ AVZIpu-1ig; ds + ][ AV (u — Zhu) - Tl ds.
Ow; NI’ Ow; NI’

Then recalling the definition (4.11) of the functional G, we get

l
B*(Tyu,¢0) — L*(¢n) = B (Tnu,i) — 4 foda — ]é gt ds
w; N

Wi

s l

w; Ow; NI

i

l
—i-][ V- [AV(u — Ihu)} ¢; dxr — ][ AV (u — Zhu) - Ti; ds

i Ow,;NT
m l
—i-][ cIhu¢;dx — ][ cug; dz
K l K
= G} (AVIyu) + ][ V- (AVer)¢; dx — ][ AVey - ig; ds
wi Ow; NI’

l
—][ cerg; dux, (5.13)

i
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where the last equality is due to the assumption ful) = f:l Therefore, from

(5.12), (5.13) and the assumptions (4.7), (4.8), we get the Ifollowing estimates
for i € Nj, namely,

E; < |Gi(AVIhu) — G;(AVIu)|
l
+| V~(AV61)¢id:c—][ V- (AVer)d; daf

Wi Wi

+| AVeIﬁqﬁzds—][ AV61ﬁ¢ZdS|

Ow; NI’ Ow; NI’

+| cemﬁi dr — ][l cerp; d:c‘
< |Gi(AVIyu) — G (AVIhu)| + nlwil| (AVer) di . o (w3)
+7|0w; NT|||AVer - s 1 (gwinry + n|wz|||cej¢z||Lw(wi), (5.14)
and similarly, for ¢ € N/, recalling that ¢; = 0 on dw;, we have
E; < |Gi(AVIhu) — G;(AVI,u)|
nlwil | (AVer) dily e ) T nlwilllcerdill Ly, (5.15)

Now, from (5.2), the interpolation error (3.14), and the boundedness of ¢;, it
immediately follows that for i € Ny,

‘(AV61)¢1|W1 % (wr) < C||A|lw. oo(wl)hk 1||'UJ||W’C+1 oo (@)
and  [|cerill o (w) < Cllel Lo ik Hlullwesr @),
and for ¢ € Ny,
|AVer - 7igil L (9wnr) < CIAlL (i) h" ullwrier.oo o)
Therefore, from (5.14), (5.15), the assumption A2, and Lemma 5.4, we get

- { Cl(n+ 1) (| Allwr.o @) + el Lo @b®)] T ullyrse ), @ € Nj;
CnlAllwrs (o) + llel Lo @h®) A ullwrire ), i€ Ny
(5.16)
Finally, from (5.9), the interpolation error (3.14), (5.11), and (5.16), we get
lu—ujllm@y < CB*|lullwrrie) + [077(||A||W’“°°(Q) + [lell Lo )h?)
+(n + 1) ([Allwr.e ) + el o @ h) | Bl o),

which is the required result. O

Remark 5.2 The result (5.8) of Theorem 5.5 shows that [[u — uj|[g1Q) =
O[h* 4 (n+7)h* +nh*~1]. Thus we do not have the optimal order of convergence
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(compare with (3.18)). But if we consider numerical integration such that n =
O(h), i.e, we use more accurate integration scheme as we refine h, we get back
the optimal order of convergence ||u — u}| g1 (o) = O(h*). This feature of the
meshless method is very different from the standard FEM, where the same
numerical integration can be used for all values of h to obtain the optimal order
of convergence. We further note that (5.8) indicates that for larger values of
h (i.e., in the pre-asymptotic range), the error ||u — uj | g1 (o) may behave like
O(h*). But as h becomes smaller, we get ||u — u}| 1) = O(R*!). We will

show this feature in our numerical experiments. .

Corollary 5.6 Suppose all the assumptions in Theorem 5.5 hold, except for the
assumption QA 4.2, which is replaced as follows: For a non-negative integer
I <k,

Gi(p)=0, VpePland VYie Ny (5.17)
for the case | = 0, we assume that the condition (5.17) is vacuous, namely,
numerical integration rules satisfy only QA 4.1, QA 4.3, and QA 4.4. Then,

for m small enough, there is a positive constant C, independent of u, n, T, and
h, such that

lu—uillm@ < C[R*+ m+7)h" +nh! = |Jullwrerc -

Proof. (Only a sketch) It can be easily shown by following the proof of the
Lemma 5.4 that for 0 <[ < k,

I+d— .
S{ Cl -+ R Aom oy [l ey TENG

Cnh | Al oo (o ]| wres 1,00 (), i€ Ny

Moreover, for | = 0, we do not need to use the Taylor polynomial of AVZ,u (as
in the proof of Lemma 5.4) to get, (5.18). Now, instead of using the result of
Lemma 5.4, we use (5.18) in the proof of Theorem 5.5 to get the desired result.
|

Remark 5.3 The result in Corollary 5.6 shows that if the quadrature rules
satisfy (4.12) of the assumption QA 4.2 with k replaced by ! and I < k, then
lu —ujllar) = O(h'1). Also, if the quadrature rules do not satisfy (4.12)
(i.e., I = 0), then [|u — u}| g1y < Ch™', which indicates that the error may

increase as h — 0. .

We note that for the case k = 1, Theorem 5.5 yields ||[u—uj || g1 (o) = O(h+n).
In fact a similar result for £ = 1 can be obtained using less restrictions on the
numerical integration. We state the result in the following corollary.

Corollary 5.7 Let u € C?(Q), a;; € C1(Q), and ¢ € C(Q2). Suppose the sub-
space Vi, with k = 1, satisfies assumptions A1-A5 and the quadrature schemes
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satisfy QA 4.1, QA 4.4, and (4.12) only fori € Nj/. Then, for n small enough,
there is a positive constant C, independent of uw, n, T, and h, such that

lu—upllaie < Clh+n+7)|ullws=@)-

The proof of this result can be obtained by slightly modifying the proofs of
Lemma 5.4 and Theorem 5.5; we do not present the complete proof here.

6 Construction of numerical integration formula

In this section, we will derive numerical integration rules that satisfy the assump-
tion QA 4.2, i.e., the condition (4.12) for £k = 1 and k& = 2 in two dimensions.
We note that we have illustrated the conditions (4.12) in Remark 4.7.

To approximate the integral f x) dz, we seek a p-point quadrature rule

Q' (p) on wj, of the form
p ; y .
0) = Clolyl,), e€C@)andyl, € (6.1)

that satisfies (4.12) with {  replaced by QL.
The case k = 1: Recall that in this case, the shape functions {¢;}ien,
reproduce polynomials of degree k = 1. We will find the weights Cél and the

integration points y/ ; in (6.1) such that (4.12), i.e., (4.19) and (4.20), are satis-
fied with fj replaced by Q%(-). Suppose we have at our disposal a quadrature
rule

Qiy(g) = fa gl)ds g€ C@) (6.2)

that accurately approximates the boundary integral |, BT g(s)ds. We start
with an accurate p-point quadrature rule Q%(¢) on w; of the form

)= ol (6:3)

=1
We then define for 1 <1 < p,

i i
Yei = Ui

Ci=G+01¢ 8@ (yi) + 05¢; 8@( 0 (6.4)

and choose 6 and 6% such that (4.19) and (4.20) are satisfied, i.e.,

Qi ( 99i

) ]([9 Fn1¢z‘ ds = Qz(n1¢s)
w;iM

o ( 3¢1

) = ]{9 Fnzéf%‘ ds = Qp(n2o;).
w; N
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This yields the linear system

Q((57))  Q(55) ] {ei ]

vy (5 ] _ | Qblmer) - Q(52)
Q(52 2y Q((52)?) || 6

B [ Qs (n2gi) — Qi(%) (6.5)

The components 0% and 6% of the solution of the above system are used in the
definition of ¢!, (see (6.4)), and consequently, the resulting Q. (o) satisfies the
condition (4.12). We note that for i € N}/, the RHS of (6.5) does not contain the
terms Q5 (n1¢;) and Q% (n2¢;). We further note that Q% () could be viewed as
a corrected form of Q%(p), such that Q%(p) satisfies the condition (4.12); we will
often refer to Q(o) as the corrected numerical integration formula for k = 1.
We note that Q¢ (g) for k = 1 in the one dimensional case was derived in [6].

Remark 6.1 To discuss the solvability of the system (6.5), we define a weighted
inner product in R? by

p
<’LL,’U>w EZU[U[CZ, Vou= (ulu"' 7up) and v = (Ula"' 7Up) €R?
=1

Let Vi = (ajl (yzl)v T aj;l (y;;)) and Vp = (ai Y1)y 352 (y;))7 then the
coefficient matrix of the linear system (6.5) is

[ Vi, Vi)w  (Vi,Va)u (6.6)

V2, Vi)w (V2,V2)w |’

which the Gramm matrix of the vectors V7 and V5 with respect to the inner
product (-, ). This Gramm matrix is positive when V; and Vs are linearly
independent. Suppose p > 2 and let there be two integration points y! and
y’ in the set of integration points {y;}}_, such that the vectors V¢;(y!,) and
Voi(yh) are linearly independent, then it is easy to show that the vectors V4

and Va are linearly independent. .

The case k = 2: We recall that in this case, the shape functions {¢; }ien,
reproduce polynomials of degree k = 2. We will find Cé_’l and yzl in (6.1) such
that (4.12), with fi replaced by Q?, is satisfied for k = 2.

Suppose in addition to the quadrature rule Q% (g) (see (6.2)), we also have
at our disposal a quadrature rule

l

Qi (f) z][ f(z) dx

7

that accurately approximates the integral fi f(x)dz. Asin the case k =1, we

start with an accurate p-point quadrature rule Q%(o) (see (6.3)). We note that
we could choose Q°(+) to be same as Q%(-). Suppose B = {p,,}5_; be a basis
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for P! (recall that dim P! = 6; a basis of P! is given in Remark 4.7). Then for
k = 2, the condition (4.12), with fj replaced by Qi(-), is equivalent to
QL (pm - Vi) = Qs (Bm - 7¢) — QH(V - i), for 1<m<6.  (6.7)
We now define, for 1 <[ < p,
Ver =i
Ca =G+ D 0nG (b - V1) (), (6.8)
n=1

where {0¢ }6 _, are chosen such that (6.7) is satisfied. We first note that from the
definition of Q%(-) in (6.1), with g/ ;, ¢!, as defined above, we get for 1 < m <6,

P 6
QLB - Vi) = Q" (Pm - Vi) + > > 058 (B - Vi) (i) (B - Vi) (u7)

=1 n=1
6
= Q (B - V1) + 3 0.Q" (B - V) (- V1))
n=1
Therefore (6.7) is equivalent to the linear system
6
> 0.0 (- Vi) (- V1)) = Qs (P - 761)
n=1

—Q%(V - pmdi) = Q (P - Vi), for 1<m<6.  (6.9)

We use the solution {6,,}6_, of the above linear system in the definition of Ci)l

(see (6.8)), and consequently, Q% (o) will satisfy the condition (4.12). We will
often refer to Q%(o) as the corrected numerical integration formula for k = 2.
We note that solving the linear system (6.9) could be facilitated by consider-
ing the basis B = {ﬁm}?n:1 = {(1, O), (.Il — T41, 0), (IQ — X432, 0), (O, 1), (0,$1 —
xi1), (0,29 — x;2)}, where x; = (x;1, 242) is the particle associated with w;.

Remark 6.2 To discuss the solvability of the system (6.9), we define a weighted
inner product for R? by

p
<’LL,’U>w EZU[U[CZ, Vou= (ulu"' 7up) and v = (Ula"' 7Up) €R?
=1

Let V,, = ([ﬁn . V(M (yh), -, [ﬁn . V(;Si] (y;))), 1 <n <6, then the coefficient

matrix of the linear system (6.9) is

<‘/15V1>’UJ <‘/15‘/2>’LU <V17‘/6>’u)
<‘/27V1>w <‘/27‘/2>w <‘/27‘/6>w
<‘/65V1>’UJ <‘/6;‘/2>’u) <‘/67‘/6>’u)
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which is exactly the Gramm matrix of the vectors V,,, 1 < n < 6 with respect to
the inner product (-, -),,. This Gramm matrix is positive if the vectors {V;}_,
are linearly independent. We note that p > 6 is a necessary condition for
the linear independence of the vectors {V;}%_;. We further mention that the
positivity of the Gramm matrix is subtle. When wj is a square, our computations
show that the Gramm matrix is positive when @Q? is the 4 x 4 Gauss rule on w;,

but it has a zero eigenvalue when Q° is the 3 x 3 Gauss rule. .

We now give a brief sketch of the derivation of the numerical integration
rule Q¢(-), in 1 dimension (i.e., when d = 1) with w; = (s, 3;), such that (4.12)
for k = 2 is satisfied with fj replaced by Q. We will use the one dimensional
quadrature rule in our numerical examples in the next section.

As before, we start with the quadrature rules Q% () and Q'(+); we recall that
both the rules could also be same. We first note that, for d = 1, the “boundary

integral” term in (4.11) is ve;
We further note that P! = P! and therefore m = dim P* = 2. Thus (6.7), for
d =1, is written as
Qi(d(@) = di(a)
, : . (6.10)
Qu([(x — 2 (2)]) = (& — @i)di(2)| . — Qlp(di)
We now define yéb Cé,l (compare with (6.8)) as
Yeu =i
i i i -0 i i~ (00 i 6.11
{ o1 =G H01G o (yp) + 05¢ [(yz - xi)éf’é(yz)]v ( )
where 61, 65 are chosen such that (6.10) is satisfied. Using Q%(-), with ¢!, ¢7,
as defined above, in (6.10) yields the linear system for 6%, 6%, namely,
Q'(¢7(x)) Q'[(z — )¢ (x)] 01
Q'[(z—zi)¢?(x)] Q'[(x—=:)?¢7(x)] | | 05
di(@)la; — Q'(¢)
(z — 2)¢i(2)|a: — Q'[(x — )i (2)] — Qi ()]

Z, thus we do not need the quadrature rule Q% (+).

1 (6.12)

7 Numerical Results

We present numerical examples to illuminate the results obtained in Section
5. Let © = (0,1) and we consider the Neumann problem with non-constant
coefficients, namely,

—(au) +cu=f, €
a(0)u’'(0) =1, a(1)u'(1) = 2e,

where a(z) = 1+ 2°, ¢(x) = 1 +sin’z, and f(z) = e*(sin® z — 2° — 322). The
exact solution of the problem is u(z) = e”.
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To approximate the solution w(z) of the above problem by the meshless
method (4.6), we first define the shape functions of the finite dimensional space
V3. For a given non-negative integer k and a positive real number R, let ¢(x)
be the basic RKP shape function with compact support [— R, R] satisfying

Y ilglw—i)=a', Ve eRand1=0,1,....,k (7.1)
i€Z
We mention that there exists ¢(x) satisfying (7.1) when R > (k+1)/2 (see e.g.,
[3]). Consider a positive integer N and for h = 1/N, we consider the index set

NhZ{—[R],"wO, 1,---,N,---,N—|—[R]},

where [R] is the integer part of R. For each i € N}, we define the RKP shape
functions

oi(x) = ¢(% —i), x €.

Then supp ¢; = [, 3;] = [th — Rh,ih + Rh| N [0,1]. Defining the set of par-
ticles X;, = {2; = ih, i € Ny}, it can be easily shown that {¢;}", reproduce
polynomials of degree k, i.e.,

> algi(z) =2, Ve eQand1=0,1,... k.
ieNh

Moreover, recalling the definitions of the index sets N; and N;/, we have
Nl/z = {_[R]v 7[R]7 N_[R]v"' 7N+[R]} and N}Iz/ = {[R]+17"' 7N_[R]_1}

We note that the function ¢(x) has been constructed following the ideas
mentioned in Remark 3.3 (using h = 1, z; = j € Z, and i = 0, ie., ¢(z) =
®p(x)), where we have used the cubic spline weight function for w(z) with
compact support [—R, R]; for the definition of cubic spline weight function, we
refer to [3, 4]. We further note that the cubic spline weight function is symmetric
in [-R, R], and consequently the associated shape functions ¢;(z), i € N}/, are
also symmetric in [a, G;].

The case k=1

The basic shape function ¢(z) was constructed with R = 1.8. For i € Ny,
we consider the standard p-point Gaussian integration rule on [«;, 8;], namely,

Qi(f) =D Fuhd, v f e Cw),

=1

where {y/ : 1 <1 < p} are the Gaussian integration points in [, 3;] and {(] :
1 <1 < p} are the associated weights. It is well known that the points y! are
symmetrically placed in the interval [, 3;]; also the weights ¢/ are symmetric,

Le, (g =Cpr1-s S=1,2,...,p.
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Recall that ¢;(x), for i € Nj/, is symmetric, and consequently, ¢;(x), i € N}/,
is anti-symmetric in [a;, §;] about the mid-point. Therefore, we get

QL(87) =0, VieNy. (7.2)

Thus the numerical integration rule Q; satisfies the condition (4.12), i.e., the
discrete Green’s formula, for i € Ny (see also (4.21)). We used QY, with p =
8,16,32, and 64 to compute 7;;, o7, and [} in the variational problem (4.6).
We note that in the one dimensional case, evaluation of the boundary integrals
is trivial. We further note that n decreases as p increases. We have computed
the solution u} of (4.6) and have presented the error |lu — uj || g1 (q) for various
values of h in Table 1. We also presented the log-log graph of |lu — uj || g1 (q)
with respect to h in Figure 1. It is clear that for p = 16,32 and 64, the
error |lu — uj || g1 (o) first decreases and then “levels off”, which suggests that
lu —uj || g1 (@) = O(h +n). This illuminates the result of the Corollary 5.7.

Table 1. MM with k£ = 1. Standard Gaussian integration rule

L lu — | 1 (0

8 points 16 points 32 points 64 points
1/10 1.9883E-02 3.4312E-03 3.4040E-03 3.3908E-03
1/20 2.3933E-02 1.7751E-03 1.7851E-03 1.7427E-03
1/40 2.6763E-02 9.1993E-04 9.8673E-04 8.8411E-04
1/80 2.8425E-02 4.9672E-04 6.4523E-04 4.4625E-04
1/160  2.9324E-02 3.0333E-04 5.3111E-04 2.2612E-04
1/320  2.9791E-02 2.2761E-04 5.0200E-04 1.1769E-04
1/640  3.0029E-02 2.0272E-04 4.9631E-04 6.7007E-05
1/1280 3.0150E-02 1.9519E-04 4.9581E-04 4.6261E-05

Table 1. The H' norm of the error, |[u—uj,||1(q), where u = ” and uj, is the
solution of the MM, employing shape functions that reproduced polynomials
of degree k = 1. Standard p-point Gaussian integration rule, with p = 8,16, 32
and 64, was used in the MM. These rules satisfy the discrete Green’s formula
in the interior for k = 1, i.e., the assumption (7.2).
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Figure 1. The loglog plot of ||u — uj, || 1 (q) with respect to h, where u = e”
and wu;, is the solution of the MM, employing shape functions that reproduce
polynomials of degree k£ = 1. Standard p-point Gaussian rule is used, which
satisfy the assumption (7.2).

We now show that the condition (4.12) on the underlying quadrature rule is a
necessary condition for the result presented in Theorem 5.5, i.e., ||u—uj | g1 (q) =
O(h+n). We consider a non-symmetric Gaussian integration rule that does not
satisfy the condition (4.12), i.e., does not satisfy the discrete Green’s formula.
For i € Ny, we consider the mapping T; : [o, ;] — [ou, Bi] given by

0.2 i+ 0 i — QO
g = 5 = ()]

Therefore, for a smooth function f, we have

z=Ti(y) =y +

Bi Bi
RO

(&2 (62

The integral on the RHS of the above equality could be approximated by the
Gaussian rule Q; to obtain an integration rule on [ay, ;] to approximate the

integral ff f(2)dz, namely,

na(f) =2 F )Gy (7.3)

=1
where y!;, = Ti(y;) and ¢}, = T{(y})¢{. We will refer to Q},, as a p-point
non-symmetric Gaussian integration rule on [ay, 3;]. It is well known that the

algebraic precision of Q; is 2p — 1; we can show that the algebraic precision of
hg s p—1.



Table 2. MM with k£ = 1. Non-symmetric Gaussian integration rule.

||U_UZHH1(Q)

h
8 points 16 points 32 points 64 points
1/10 4.5373E-01  8.5286E-03  3.4098E-03 3.3908E-03
1/20 1.1694E+00 2.0281E-02  2.0558E-03 1.7425E-03
1/40 2.7436E+00 4.4534E-02  2.8166E-03 8.8444E-04
1/80 6.3125E400 9.2759E-02  5.9275E-03 4.5245E-04
1160 1.4474E+01 1.8844E-01  1.2420E-02 2.7798E-04
1/320  3.2278E+01 3.7713E-01  2.5442E-02 3.5063E-04
1/640  6.9243E+01 7.4415E-01 5.1451E-02 6.6803E-04
1/1280 1.4414E402 1.4379E400 1.0329E-01 1.3328E-03
Table 2. The H' norm of the error, |lu — up |1 (o), where u = e® and

uj, is the solution of the MM, employing shape functions that reproduced
polynomials of degree k¥ = 1. Non-symmetric p-point Gaussian integration
rule, with p = 8,16,32 and 64, was used in the MM. These integration rules
do not satisfy the discrete Green’s formula for k = 1.

10°

—<— 8-point
—6— 16-point
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—*— 64-point

2

10

10" | 1

10° E

[l = || 219
107k 1

-2

10 "

-3[

» ‘
10" 10 10" 10
h

10

Figure 2. The loglog plot of [lu — uj, || g1 (q) With respect to h, where u = e”
and uj, is the solution of the MM, employing shape functions that reproduced
polynomials of degree k¥ = 1. Non-symmetric p-point Gaussian integration
rules were used, which do not satisfy the discrete Green’s formula for k = 1.

We use the non-symmetric Gaussian integration rule Qflg, with p = 8,16, 32,
and 64, to compute 7;;, 07, and [ in the variational problem (4.6). We com-
puted the solution uj of (4.6) and presented the error ||u —uj|| g1 (o) for various
values of h in Table 2. We also presented the log-log plot of |lu —uj; || g1 (o) with
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respect to h in Figure 2. It is clear that ||u —uj || g1 (o) increases as h decreases;
for p = 32 and 64, the error first decreases and then increases. In all the cases,
the error |lu — uj|| g1 (o) behaves like O(h™1), as indicated in Corollary 5.6 and
Remark 5.3.

Now following the ideas presented in Section 6, we will correct the non-
symmetric Gaussian integration rule Q, (-) (given in (7.3)), such that the cor-
rected numerical integration rule (see (6.1))

Qi(0) = Qhylo) =D oWl )Ch,

=1

satisfies the condition (4.12). We note that for d = 1, the condition (4.12) for
k=1is ‘
;g,c((b;) = (b(ﬁz) - ¢(az) (74)

For 1 <4 < p, we consider
yi,z =y, and Cé.,l = (0B Yk,

with o
g — ®i(Bi) — pi(ai) — .f:1l¢/i(y21) le_
f:l ¢§2 (Yr) G

Then it can be shown, following the ideas in Section 6 for d = 1, that Q;g,c(')
satisfies the condition (4.12), i.e., (7.4). However, we note that unlike the stan-
dard Gaussian integration rule Qfl(), the integration points for the quadrature
rule Q,, .(-) are not symmetrically placed in [, 3;]. The expression for the cor-
rected numerical integration rule for d = 1 was also derived in [6] for a slightly
different situation. We will refer to Q% .(-) as the corrected non-symmetric
Gaussian integration rule for k = 1.

We now use the corrected integration rule Q;gﬁ
(4.6); the terms o7; and [} in (4.6) are computed using the integration rule Q},,
(uncorrected). We computed the solution uj of (4.6) and have presented the
error ||u — uj|| g1 (q), for various values of h in Table 3. We also presented the
log-log plot of ||u — uj|| g1 (o) with respect to h in Figure 3. It is clear that
lu — uj || 51 (q) levels off as h decreases; the error first decreases and then levels

off for p = 16,32, and 64. This suggests that [[u — uj || g1 (o) = O(h +n).

(*) to compute ~;; in problem

Table 3. MM with k£ = 1. Corrected non-symmetric Gaussian integration rule for k = 1.
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h |w—up | 1 ()

8 points 16 points 32 points 64 points
1/10 5.6887E-03 3.4243E-03 3.4004E-03 3.3907E-03
1/20 4.8897E-03 1.7538E-03 1.7735E-03 1.7424E-03
1/40 4.9036E-03 9.8324E-04 9.5897E-04 8.8351E-04
1/80 5.0486E-03 7.3643E-04 5.9529E-04 4.4492E-04
1/160  5.1580E-03 7.0595E-04 4.6444E-04 2.2331E-04
1/320  5.2221E-03 7.2101E-04 4.2812E-04 1.1201E-04
1/640  5.2564E-03 7.3597E-04 4.2001E-04 5.6271E-05
1/1280 5.2742E-03 7.4520E-04 4.1871E-04 2.8400E-05

Table 3. The H' norm of the error, |[u—uj,||1(q), where u = ” and uj, is the
solution of the MM, employing shape functions that reproduced polynomials
of degree k = 1. Corrected non-symmetric Gaussian integration rule for k = 1,
with p = 8,16, 32 and 64, was used in the MM. The integration rules satisfy
the discrete Green’s formula for k = 1.
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Figure 3. The loglog plot of [[u — uj, || g1 (q) With respect to h, where u = e”
and wu;, is the solution of the MM, employing shape functions that reproduce
polynomials of degree k£ = 1. Corrected p-point non-symmetric Gaussian rules
for £ = 1 were used, which satisfy the discrete Green’s formula for k£ = 1.

The case k=2

The basic shape function ¢(x), satisfying (7.1) with k = 2, was constructed
with R = 2.2. Let Q'(-) = @},,(-) be the p-point non-symmetric Gaussian inte-
gration rule on [ay, 5], as given in (7.3). We consider the associated corrected
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non-symmetric Gaussian integration rule Q(-) for k = 2; Qi(-) satisfies the
discrete Green’s formula (4.12) for k = 2, d = 1, i.e., it satisfies (6.10). The in-
tegration points {y? ,}/_; and the associated weights {¢};}]_; of Q.(:) are given
by (6.11) with y; = 7, , and ¢f = ¢, for 1 <1 < p. We mention that 67, 65
in (6.11) are obtained from the solution of (6.12), with Q% (¢:) = Q},,(¢:). We
used the corrected non-symmetric Gaussian integration rule Qi(-) (for k = 2)
to compute the terms 7}, in the variational problem (4.6). The terms o7}; and
¥ were computed using the non-symmetric Gaussian integration rule (uncor-
rected) Q%,,(-). We computed the solution uj of (4.6) and have presented the
values of [|u — uj || g1 (q), for various values of h in Table 4. We also presented

||U—UZHH1(Q)

the log-log plot of the ratio with respect to h in Figure 4. It is clear
that uj converges to u, the solution of (2.3), as h becomes smaller. The Figure
4 also indicates that [|u — uj|| g1y = O[h(h + n)], illuminating the result of
Theorem 5.5 for k = 2.

Table 4. MM with k = 2. Corrected non-symmetric Gaussian rule for k = 2.

L lu — |l 1 ()

8 points 16 points 32 points 64 points
1/10 6.8778E-03 1.3037E-03 7.0255E-04 6.8283E-04
1/20 4.4966E-03 8.3073E-04 2.1238E-04 1.7378E-04
1/40 2.5677E-03 4.8134E-04 8.4965E-05 4.4034E-05
1/80 1.3736E-03 2.5972E-04 4.1096E-05 1.1258E-05
1/160  7.1071E-04 1.3494E-04 2.0824E-05 3.0523E-06
1/320  3.6153E-04 6.8783E-05 1.0558E-05 9.6564E-07
1/640  1.8234E-04 3.4724E-05 5.3252E-06 3.8283E-07
1/1280 9.1564E-05 1.7446E-05 2.6751E-06 1.7719E-07

Table 4. The H' norm of the error, |[u—uj,|| 1 (q), where u = ” and uj, is the
solution of the MM, employing shape functions that reproduced polynomials
of degree k = 2. Corrected p-point non-symmetric Gaussian integration rule
for k = 2, with p = 8,16,32 and 64, was used in the MM. The integration
rules satisfy the discrete Green’s formula for k = 2.
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Figure 4. The loglog plot of the ratio with respect to h, where
u = e® and uj, is the solution of the MM, employing shape functions that
reproduce polynomials of degree k = 2. Corrected p-point non-symmetric
Gaussian rules for k = 2 were used, which satisfy the discrete Green’s formula

for k = 2.

We will now show the effect of quadrature on ||u — uj||g1(q), when the
quadrature does not satisfy the condition (4.12) for k = 2. We first computed
v In (4.6) using the corrected p-point non-symmetric integration rule for k£ =1
(see Qh,.(-) given before). We note that this quadrature rule satisfies only
the first condition in (6.10). The terms o; and [ were computed using the p-
point non-symmetric gaussian integration rule @, (-). The error |lu — u} || g1 (q)
for various values of h and the associated log-log plot is given in Table 5 and
Figure 5 respectively. These results indicate that [ju — uj|| g1y = O(h + 1)
and uj - u as h — 0. Finally, we used Q},,(-) to compute ~;; in (4.6); Q% (-)
does not satisfy any of the conditions in (6.10). The terms o7; and [; were again
computed using Q},,(-). The error ||u — u}| g1 (q) for various values of h and
the associated log-log plot is given in Table 6 and Figure 6 respectively. It is
clear that the error |[u —uj || g1 (o) diverges as h decreases; in fact ||u —uj || g1(o)
behaves like O(h~1!) as suggested by Corollary 5.6 for k = 2.

Table 5. MM with k = 2. Corrected non-symmetric Gaussian rule for k = 1.
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||U_UZHH1(Q)

h
8 points 16 points 32 points 64 points

1/10 3.8161E-02 6.3683E-03 1.8719E-03 6.9042E-04
1/20 4.0997E-02 1.2019E-02 1.9499E-03 2.2130E-04
1/40 3.9586E-02 1.5615E-02 2.0005E-03 1.5928E-04
1/80 3.8040E-02 1.7666E-02 2.0156E-03 1.6104E-04
1/160  3.7035E-02 1.8762E-02 2.0196E-03 1.6434E-04
1/320  3.6472E-02 1.9330E-02 2.0205E-03 1.6610E-04
1/640  3.6174E-02 1.9619E-02 2.0208E-03 1.6699E-04
1/1280 3.6022E-02 1.9764E-02 2.0208E-03 1.6743E-04

Table 5. The H' norm of the error, [l —up |l g1 (), where u = e” and wuy, is the
solution of the MM, employing shape functions that reproduced polynomials
of degree k = 2. Corrected p-point non-symmetric Gaussian integration rule
for K = 1 (not corrected for k = 2), with p = 8,16,32 and 64, was used in
the MM. The integration rules do not satisfy the discrete Green’s formula for

k=2.
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Figure 5. The loglog plot of ||u — uj,||g1(q) With respect to h, where u = e”
and wuj, is the solution of the MM, employing shape functions that reproduce
polynomials of degree k = 2. Corrected p-point non-symmetric Gaussian rules
for k = 1 were used, which do not satisfy the discrete Green’s formula for

k=2.

Table 6. Non-symmetric(no correction) Gaussian rule: k=2.
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||U_UZHH1(Q)

h
8 points 16 points 32 points 64 points
1/10 9.4346E-01  4.6767E-02  7.5982E-03  7.6165E-04
1/20 2.0155E+00 4.5294E-02  2.1562E-02 1.0294E-03
1/40 4.3714E400 9.2717E-02  5.0461E-02  2.3620E-03
1/80 9.7615E4+00 2.8436E-01 1.0883E-01 5.0628E-03
1/160 2.1885E+01 7.1121E-01 2.2511E-01 1.0474E-02
1/320 4.7659E4+01 1.6259E+00 4.5406E-01 2.1309E-02
1/640 1.0044E+02 3.6444E+00 8.9677E-01  4.3013E-02
1/1280 2.0680E+02 8.2709E4+00 1.7231E4+00 8.6554E-02
Table 6. The H' norm of the error, ||u — up|lg1 (o), where u = e and

uy, is the solution of the MM, employing shape functions that reproduced
polynomials of degree k = 2. Non-symmetric p-point Gaussian integration
rule, with p = 8,16, 32 and 64, was used in the MM. The integration rules do
not satisfy the discrete Green’s formula for k = 2.
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Figure 6. The loglog plot of [lu — uj, || g1 (q) With respect to h, where u = e”
and wu;, is the solution of the MM, employing shape functions that reproduce
polynomials of degree k = 2. Non-symmetric p-point Gaussian integration
rules were used, which do not satisfy the discrete Green’s formula for k£ = 2.
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